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Introduction to 
Robust Statistics

Anthony Atkinson, LondonSchool of Economics, UK 

Marco Riani, Univ. of Parma, Italy

Introduction to robust statistics

ÅOutliers are observations that are surprising in 
relation to the majority of the data:

ÅMay be wrong - data gathering or recording errors -
transcription? electronic if not manual

ÅMay be correct and informative for example about 
departures from the assumed model. Ex. identifiable 
subsets in medical studies

ÅShouldalwaysbe checked
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Outline

ÅSimple sample
ÅIntroductionto theoreticalconcepts

ÅM, S, MM, Tau estimators

ÅRegression

ÅTransformations

ÅModel choice

ÅMultivariate Analysis

ÅClustering
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History of Robust statistics

ÅAwareness of the importance of immunizing against 
outliers / gross errors is as old as the experimental 
approach to science 

ÅThucydides (History of The Peloponnesian War): 
ñin 428 B.C. the Plataeans, besieged by the 
Spartans, excluded extreme measurements when 
estimating the height of the walls and managed to 
break the siegeò

History of Robust statistics

ÅLegendre: ñif among these errors are some which 
appear to be too large to be admissible, then [...] 
will be rejected ò.

ÅEdgeworth: ñthe method of LS is seen to be our 
best course when we have thrown overboard a 
certain portion of our data ò. 
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Why it is not sufficient to screen 
data and remove outliers

ÅUsers, even expert statisticians, do not always 
screenthe data.

ÅIt can be difficult or impossible to spot outliers in 
multivariate or highly structured data. Becoming 
increasingly difficult with ñYet Bigger Dataò

ÅRejecting outliers affects distributions - variances 
can be underestimated if data are ócleanedô. We 
would like procedures with defined statistical 
properties, such as size of tests. Machine learning?

Notation
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Classical and robust theory

Classical

ÅThe observationsare 
distributedaccordingto 
Fɗ

ÅExample

ÅFɗ=N(µ, ů2)

Åɗ= (µ, ů2)

Robust

ÅFɗis consideredasa 
mathematicalabstraction
which is only an ideal
approximationto reality. 
The goal is to produce 
statisticalprocedures
which still behavefairly
well under deviations
from the assumedmodel

The grand plan

ÅAndrews et al. (1972) (the Princeton Robustness 
Study), at which time it was expected that all 
statistical analyses would, by default, be robust

Åñany author of an applied article who did not use 
the robust alternative would be asked by the 
referee for an explanationò.
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Prediction from 1972 Princeton study

ÅñFrom the 1970s to 2000 we would see ... 
extensions to linear models, time series, and 
multivariate models, and widespread adoption to the 
point where every statistical package would take the 
robust method as the default ...ò

Importance of Robust
Statistics

ÅA tremendousgrowthfor abouttwo decadesfrom 
1964

ÅHoweverstill not routinelyusedin practicaldata 
analysisand standard software

ÅAs weshallsee, manysets of data contain
numerousoutliersso robustnessis a crucialaspect

ÅRecentdevelopmentsare easy to applyand interpret
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Properties of estimators

ÅConsistency

ÅEquivariance

ÅSensitivitycurve

ÅBreakdown point

ÅEfficiency

ÅInfluencefunction

ÅMaxBias

ÅGrosserrorsensitivity

Properties of estimators

ÅConsistency: the resultsbecomemore and more 
precise whenthe numberof observationsincreases

ÅFisher consistency: at the model the estimator is
equalto the parameteror Ὕ (Fɗ) =ɗ
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Location equivariant estimators

ÅA location estimator T should be equivariantin the 
sense when a constant is added to the data  
(location) and when they are multiplied by a 
constant (scale), you get:

Example of location estimators
ÅMean (ώ

ÅMedian(Me)

ÅŬ- trimmedmean(trim a proportion Ŭfrom both 
ends of the data set and then take the mean), (ώ

ÅŬ- Winsorizedmean: replace a proportion Ŭfrom 
both ends of the data set by the next closest 
observation and then take the mean.

ÅExample: 2, 4, 5, 10, 200

ÅMean= 44.2 Me = 5

Å20% trimmed mean = (4 + 5 + 10) / 3 = 6.33

Å20% Winsorizedmean = (4 + 4 + 5 + 10 + 10) / 5 = 6.6
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L-statistics
ÅREMARK: mean, Ŭ-trimmedmeanand Ŭ- Winsorized

mean,medianare particularcasesof L-statistics

ÅL-statistics: linear combinationof orderstatistics. For 
example

Scale equivariant estimators

ÅA scale estimator Sshould be equivariant, in the 
sense that 

ÅRemark: the absolutevalueis neededbecausea 
scale estimate is alwayspositive
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Examples of scale estimators

ÅStandard deviation

ÅInterquartile range

Examples of scale estimators

ÅMedianAbsolute deviation(MAD)
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Example

ÅLocation scale model ώͯ ὔʈȟʎ)

ÅData ὣ ώȟȣȟώ are the natural logs of the 
annual incomes of 10 people.

Å9.52 9.68 10.16 9.96 10.08

Å9.99 10.47 9.91 9.92 15.21

ÅRemark: the incomeof person10 is muchlarger
thanthe othervalues.

Classical versus robust estimators
The 9 regular 

observations

All 10 

observations

ώ
Me

ώȢ

9.965

9.960

10.021

10.49

9.975

9.966

SD

IQRN

0.27

0.13

1.68

0.17

ÅClassicalestimatorsare highly influencedby the outlier

ÅRobustestimate computedfrom all observationsis
comparablewith the classicalestimate appliedto non-
outlyingdata

ÅHow to compare robustestimators?
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(Standardized) sensitivity
curve (SC)

ÅMeasure the effect of a single outlier on the estimator Ὕ.

ÅAssume we have ὲ-1 fixed obs. ὣ ώȟȣȟώ . 
Add an ὲ-th observation at y , which can be any real 
number.

ÅFor the arithmetic mean

ÅNote that SC depends strongly on the dataset  ὣ

Sensitivity curve (example)

ÅAnnual incomedata: let . ὣconsistof the 9 óregularô 
observations
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(Finite sample) breakdown point

ÅGiven data set with n obs. 

ÅIf replace m of obs. by anyoutliers and estimator 
stays in a bounded set, but doesn't when we replace 
(m+1), the breakdown point of the estimator at that 
data set is m/n.

Åbreakdown pointof the mean= 0

(Finite sample) breakdown point
of the median

Åὲis even

Åὲis odd
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More formally

= the set of all datasetszof sizen havingn-m
elementsin common with y

bdp(Tn ,y) is the largestproportionof data pointsthat
can be arbitrarily replacedby outlierswithout the 
estimator leavinga set which is boundedand also
boundedawayfrom the boundaryof 

Robust statistics deals with 
approximate models or model 

deviations
ÅWeneedto definea neighbourhoodof the parametric

model

ÅWeconsiderthe set of distributions

ÅW is an arbitrarydistributionfunction

ÅWhathappensto bdpwhendata are generatedfrom  
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(Asymptotic) breakdown point (bdp)

Åbdp(TÐ,Fɗ) is the largest‭ᶻᶰ πȟρ suchthatfor ‭ ‭ᶻ. 
T(G asa functionof W, remainsboundedalsobounded
awayfrom the boundaryof     . 

ÅIn symbols: thereexistsa boundedand closedset 
suchthat and 

(asymptotic) BDP

Location estimators

Åώ=0

Åmedian= ½

ÅŬ-trimmedmean= Ŭ

ÅŬ- Winsorizedmean = Ŭ 

Scale estimators

ÅSD =0

ÅIQRN= 0.25 

ÅMADN = 0.5
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(Asymptotic) relative efficiency
(RE and ARE)

ÅFor a fixed underlying distribution, the relative 
efficiency (RE) of an estimatorὝ relative to that of 
Ὕ is

ÅὝ needsonly RE timesasmanyobservationsasὝ
for the samevariance

ÅRemark: use MSE for biasedestimators

ÅARE = limit of RE asὲᴼЊ

Examples of ARE

ÅSymmetric distribution µ = population mean = population 
median

Åώå N(Õ, ů2/n)

ÅMe    å N Õ,

ÅAt normal distribution ARE(Me;ώ) = 2/́ å 64%

ÅAt t5 ARE(Me; ώ) å96%.

ÅAt t4 ARE(Me;ώ) å112.5%

ÅAt t3 ARE(Me;ώ) å162.5%

ÅAt  t1 ARE(Me;ώ) = Ð
ÅIs t5 really a better model for the error distribution than the 

normal?
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Robust statistics deals with 
approximate models or model 

deviations
ÅWeneedto definea neighbourhoodof the 

parametricmodel

ÅWeconsideragainthe set of distributions

ÅW is an arbitrarydistributionfunction

ÅWhathappensto ARE whendata are generated
from 

ARE with ὊŮ

Åi.e. notall measurementsare equallyprecise

ÅFor Ű=3  and ⱦ > 0.10  ᵼARE(Me;y)  > 1
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Variance comparison

Purpose: to developestimateswhichcombine the low
varianceof the meanat the normalwith the 

robustnessof the medianunder contamination

Contamination with point mass

ÅOneparticularcase is whenW is the set of pointmass 
distributionswherethe «pointmass» ɿ is the distribution

suchthatP(ώ ώ) = 1

Interpretation
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INFLUENCE FUNCTION 
(Hampel, 1974)

ÅDescribeshowthe estimator reactsto a small 
amountof contaminationatanypointώ

ÅApproximationto the relative changein the 
estimator causedby the additionof a small 
proportionof spuriousobservationsatώ (small 
fractionŮof identicaloutliers)

Estimator in the 

contaminated

model

Estimator 

computedat true

value

Infinitesimal

amountof 

contamination

INFLUENCE FUNCTION (IF)

ÅRemark: the behaviouris referredto ὝÐ
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IF of ώȟMe, ώ at N(µ,1) 

PLOT OF THE INFLUENCE 
FUNCTION AT N(0,1) (ώȟMe, ώ )
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SC and IF

ÅIF : small fractionŮof identicaloutliers

ÅSC :  fractionof contaminationis 1/ὲ

SC and IF

Sensitivity curve of the 
incomedata Influence function at N(0,1)
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IF and max. asymptotic bias

ÅIf ⱦis small the (asymptotic) bias

is approximatedby

Remark: The IF (althoughit seemsto be a particularmeasureof 
influence), is sufficientto describethe max. asymptoticbiasof 

an estimator over a neighbourhoodof the model because

IF and bdp

ÅIF = dealswith infinitesimalvaluesof ⱦ

Åbdp=  largestⱦan estimator can tolerate

ÅIf an estimator hasbdp=ⱦ*, ὝÐὊ remains in a 
boundedset whenὊbelongsto Ὃⱦwith ⱦ ⱦᶻ

ÅWhatis the worstbehaviourof the estimator for 
ⱦ ⱦᶻ?
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MAXIMUM BIAS (MB) and 
BREAKDOWN POINT (bdp)

ÅThe maximum (asymptoticbias) of Ὕ is

ÅMB givesthe maximalpossibleeffecton T due to 
anyfixed fractionof contamination

Summary values of IF:
Gross error sensitivity (GES)

ÅThe grosserrorsensitivityof Ὕ atFɗ

ÅGES measuresthe worstinfluencewhicha small 
amountof contaminationof fixed sizecan haveon 
the valueof the estimator. 

ÅRobustestimator = estimator with a boundedGES

ÅGES < Ð Č B-robust (Biasrobust)
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Now for something
constructive
Classesof estimatorswhichhavedesirableproperties

Class of M estimators

ÅGeneralization of maximum likelihoodestimators

ÅὝ for ɗsolve

ÅM estimatorsare definedasthe solutionὝ for ɗof 
the minimizationproblem

Åɟ= some convexfunctionon  ὣ  .
ɟ neednotbe relatedto anydensity
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Estimating equations

ÅSuppose thatɟ hasa derivative

Åthenthe estimate satisfiesthe implicit equation

ÅNote thatif

weobtainthe MLE

M estimators of location

ÅM estimatorsof location solve

Å
Examples:

How to chooseɟ or ?̻
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ɟ and f̻unctions

ÅA ɟfunctionhasthe following characteristics

Åɟ(u) is a non decreasingfunctionof |u|

Åɟ(0)=0

Åɟ(u) is increasingfor u >0 such that ɟ(u) < ɟ(Ð)

ÅA ̻ functiondenotesa functionwhich is the 
derivative of aɟfunctionwhich implies

Å̻ (u) is oddand ̻ (u) Ó0for uÓ0

Family of Huber functions

Åthe limit casescŸÐ, cŸ0 are the meanand the medianand wedefine
(̻u,0)=sign(u). Monotonic‪function. 

ÅBrings in extreme observations to µ±c.

ÅCorresponds to a density with normal centreand double-exponential 
tails.
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IF for (one dimensional
location) M estimators

ÅBoundedinfluenceif i̻s bounded

ÅThe influencefunctionand the ̻ havethe sameshape

ÅIF for location estimationwith a previouslycomputed
dispersionestimate ʎis

Redescending estimators

ÅThe influencecurve (proportionalto psi function) is
constantfor all observationsbeyonda certainpoint.

ÅAn M-estimator can be made more resistantby having
the psi-function, (and hencethe IF) returnto 0.
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Family of Hampel functions

ÅHasa redescendingpsi function

ÅThe 3 tuningconstantsprovideflexibility for tuningthe estimator.

ÅHow to choosea, b and c?

The rejection point

ÅThe ̻  functionof the Hampelis 0 for |u| largerthanc. 
Thereforethe IF is 0 for |y| > c ʎ. Wesaythatthe 
rejectionpoint is r= c ʎ. Observationsbeyondthe 
rejectionpointdo notcontributeto the valueof the 
estimate (exceptpossiblythroughthe auxiliaryscale 
estimate)

ÅThe rejectionpoint r is the leastdistancefrom the 
location estimate beyondwhichobservationsdo not
contributeto the valueof the estimate (for a given
auxiliaryscale estimate)
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Winsorôsprinciple

ÅWinsorôsprinciple: «all distributionsare normalin 
the middle» Č wewantto havea ̻  functionwhich
resemblesthe onethatis best for Gaussiandata.

ÅThe ̻ function of MLE of µ at N(µ, ů2) is linear 
thereforethe ̻  for M-estimatorsof location should
be linear nearthe origin

Å̻ (u) å k u for small |u|  (wherek is a nonzero
constantusuallystandardizedto k=1)

ÅDo you believein Winsorôsprinciple?

Family of Tukeyôsbiweight
functions

ÅThe constantc can be tuned for breakdown point
(efficiency). Redescendingpsi function
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Distribution of M estimators

ÅLet ʈ be the solution of

ÅCentre of symmetry for symmetric Ὂ

ÅThen the distribution of M estimator is asymptotically 
normal

The asymptotic relative efficiency is

where ὺ is the asymptotic variance of the MLE

Goal: minimize variance subject to 

Åclassof ̻ functionwhichhavea finite rejectionpoint

Åcontrol througha parameterk the changeof variance
sensitivityof the M-estimators(to investigate the 
infinitesimalstabilityof the asymptoticvariance)

ÅIdea: definea psi functionswith parametersA, B and k

ÅThishasled to the hyperbolictangent̻  function
(HampelRousseeuw and Ronchetti, 1981)



07/12/2015

31

Hyperbolic tangent̻ function

Åthe central part of has to be linear in order to achieve a high asymptotic 
efficiency at the model

ÅNote that A, B and d are automatically determined  after fixing k and c

ÅEquation implies

ÅThissuggestsan iterative procedure

ÅGivensome initial estimate (for examplethe median) or an 
estimate at stepὯ( ‘ compute

ÅStop when ‘ ‘ ‭

Location M-estimate: computations
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Location M-estimate: computations
Å

ÅIdea: downweightoutliers

ÅIf W is boundedand non increasingthenthe sequence
convergesto a solution

ÅIf (̻u) is notmonotone theremaybe multiple solutions

Comparison ofὡ ό
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Example with multiple solutions

y=[28 26 33 24 34 27 16 40 -2 29 22 24 21 25 30 23 29 31 19 
-44 -44 -44]; „ MADN, (efficiencyset to 0.95)

M estimates of location are not
scale equivariant

ÅThe adaptiveweightsare not independentof the 
spread of the data (whenthe scale is notestimated) 

ÅExceptions include the mean and the median.
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M estimate of location with 
auxiliary scale

ÅUse some (of course robust) estimate of scale, say 
„ and replace ὶin ”ὶȟ‪ὶby (ώ ‘Ⱦ„

Åc= tuningconstant

Å„ computed simultaneously?

M estimate of scale

ÅThe MLE of „for the scale family Ὢ is: 

ÁÒÇÍÁØБ Ὢ

ÅTakinglogsand differentiatingwith respectto „weobtain

ÅВ ρ

ÅIdea: in orderto boundthe effectof large (ώ ‘Ⱦ„
replacewhatis in { } by a ”function

ÅВ ” ‏

Å‏ Ὁ” for consistencyat the normaldistribution
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M-scale as a weighted RMS estimate

ÅEquation В ” ‏

puttingὡ ώ ”ώȾώ

can be rewrittenas

ÅВ ὡ ‏

or as

Å„ В ὡ ώ ‘

Åthis is a weightedmeansquareestimate

ÅRemark: ‘is takenasknown

Estimation of the M-scale

ÅExpression „ В ὡ ώ ‘ suggestsan 

iterative procedure

ÅStart with some „ (for exampleMADN)

ÅIn general, given„ (estimate of „atstepὯ find the 

weightsas ὡ

Å„ В ὡ ώ ‘

Å„ „ В ὡ

ÅNow giventhatὡ ώ ”ώȾώ

Å„ „ В ” =„ Ӷ”

Å...
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Simultaneous estimation of 
location and dispersion

ÅIt is necessaryto solve the systemof equations

ÅВ ‪ π

ÅВ ” ‏

ÅRemark: ” in orderto distinguishit from the ”functionused
for location. 

ÅGivenstartingvalues Ƕ‘ and „ (Me and MADN) or an estimate at
stepk, Ƕ‘ and „ find the weights

Åύȟ ὡ

ÅǶ‘
В ȟ

В ȟ

Å„ „ В ”

Now regression



07/12/2015

37

Regression setting

ÅData ώȟὼ i=1, 2, é, n

ÅώצὙResponse

ÅὼצὙ Predictors

ÅRegressionmodel ώ ὼɼ „ό

ÅPredictώby ὼɼ

ÅResidualsfor givenɼ:Ò Òɼ ώ ὼɼ

M estimates of regression

ÅThey are definedassolution‍to 

ÅFor regressionit is necessaryto replace

Åώ ‘or    in earlierexpressionsby ὶor 



07/12/2015

38

Desired properties

ÅScale equivariance

ÅAffine equivariance

ÅRegressionequivariance

Why regression equivariance?

ÅIf ώ ὢ‍ όand ώis transformedasώ ώ ὢ‎

thenώ ώ ὢ‎ᵼώ ὢ‎=ὢ‍ όᵼ

ώ= ὢ‍ ὢ‎ όᵼώ= ὢ‍ ‎ όthatis ώsatisfies 
the regressionmodel with parametervector‍ ‍ ‎

ÅThereforeif ‍= ‍ὢȟώ is an estimate and data are 
transformedasώ ώ ὢ‎wewantthatournew 

estimate of ‍is transformedas‍ ‎
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Computations (known scale)
ÅRecall LS regression: 

ÅThe constraintis (normaleqs) 

ÅIn robustregressionthe constraintis (weightednormaleqs) 

with 

ÅIf wereknownthe aboveequationcouldbe solved
applyingLS to 

Adaptively weighted least squares

ÅGiven some initial estimate of ‍say  ‍,  first compute„
(for exampleMADN of the residuals)

ÅFor k=0, 1, 2 é.

ÅGiven‍ compute residualsand weightsasfollows

ÅCompute ‍ solving

ÅStop when
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Remarks on the iterative 
procedure

ÅThe algorithmconvergesif W(x) is non increasingfor x>0

ÅIf (̻u) is notmonotone theremaybe multiple solutions

ÅFor simultaneousestimationof ‍and „the procedure is the 
sameexceptthatateachiteration„is alsoupdated(asin 
the location case)

Distribution of M estimates

ÅIf X is fixed (or if x hasa finite varianceif it is random)

ÅRemark: if x hasa finite variancethe efficiencyof ‍
doesnotdependon the distributionof x
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COV matrix of estimated parameters

Å‎a correctionfactordependingon the ‪function which
is used

COV matrix of estimated parameters

ÅHuberand Ronchetti suggest3 expressionsto estimate Vx

ÅHuberderivedanothercorrectionfactor
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Least median of Squares (LMS)

ÅIn the univariatecase  LMS becomesthe Midpoint of the 
SHORTestHalf = SHORTH

ÅSHORTH = shortest interval that covers half of the 
values 

Properties of LMS
ÅIt is the centre-line of the shortest(narrowest) strip 

containing½ of the data

ÅIt doesnot requirea scale estimate

ÅRegression, scale and affine equivariant

Åbdp=0.5, Fisher consistentand asymptoticallynormal
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Drawbacks of LMS

ÅIt displaysmarkedsensitivityto centraldata values
(not locally stable)

ÅIt is very inefficient (convergesata rate 1/ ὲ)

Least Trimmed Squares
regression (LTS)

ÅLeastsquares: 

ÅLeasttrimmedsquares: 
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Characteristics of LTS

ÅA particularcase of L-estimate of scale 

ÅRegression, scale and affine equivariant

ÅFisher consistentand asymptoticallynormal

Åbdp
ȟ

Åconverges ata rate 1/ὲ

ÅLow efficiency(Ex. 7% at the normaldistribution
whenh=[n/2])

Regression S estimators

ÅLTS minimizesa robustresidualscale estimate

ÅIdea: minimizea more efficientrobustscale estimator

ÅRegressionS estimator minimizesan M estimate of scale
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Regression S estimators

ÅLeastsquares: 

ÅS estimates

bdp of S estimators
ÅIf ”satisfiesthe following conditions

Åthe asymptoticbreakdown pointof the S estimator 
tendsto bdpwhenὲᴼЊ

ÅFor consistencywerequirethat
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S estimates of regression. Tuning
constant associated with a bdp

ÅFrom the equations

Åwecan compute c. For examplefor Tukeyôsbiweight”
functionwehave

S estimates of regression. Tuning
constant associated with eff

ÅFrom the equations

Åwecan compute c. For examplefor Tukeybiweight”
functionwehave
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Efficiency and breakdown point

Consistency factor c (top panel) and efficiency (bottom 
panel) as a function of the breakdown point (bdp) for 
Tukey's Biweight.

Efficiency and breakdown point

Consistency factor c (top panel) and breakdown point 
(bottom panel) as a function of the efficiency (eff) for 
Tukey's Biweight.
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TRADE OFF 
robustness-efficiency

ÅHössjer(1992): an S-estimate with break down point equal 
to 0.5 has an asymptotic efýciency under normally 
distributed errors that is not larger than 0.33. 

S and LMS

ÅLMS is an S-estimate with a discontinuous”
function

ÅDavies shows thatestimatesbasedon smooth”
functionhavea convergencerate ὲ Ȣ
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Regression MM estimators

ÅIdea: fix bdp=0.5 and using” Ȣ find‍ and „
usingS estimators

ÅFix eff=0.95, and using” Ȣ using‍ and „ as

startingvaluesin the weightedleastsquaresloop

ÅThe estimate of the scale is keptfixed in the iterative 
procedure

Claim of MM estimators
ÅHIGHLY ROBUST AND EFFICIENT

ÅTukeyôsbiweight rho (TB):

Åblue line bdp=0.5 Č c=1.548 (eff=0.29)

Åredline eff=0.95 Č c=4.685(bdp=0.12)
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Claim of MM estimators
ÅHIGHLY ROBUST AND EFFICIENT

ÅTukeyôsbiweight W (TB):

Åblue line bdp=0.5 Č c=1.548 (eff=0.29)

Åredline eff=0.95 Č c=4.685(bdp=0.12)

Tauestimators (another attempt to 
break the link between bdp and eff)
ÅUnlike MM estimatesdo not requirea preliminaryscale 

estimate. 

ÅIf „‍ solvesthe usualscale equation

Ådefinethe scale tau as

ÅA regressiontau estimate is definedby 
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Properties of tau estimators

ÅMinimize a robustscale estimate (like S estimators) but
(unlikeS estimators) with a controllableefficiency

ÅNote thatif ” ὶ ” ὶ ὶČ LS criterion

ÅIn thiscase function‪is a linear combinationof ” and ”

ÅClaim: by an adequatechoiceof ”the estimate can be made 
arbitrarilycloseto the LS estimate and thereforearbitrarily
efficientat the normaldistribution

Outlier detection

ÅWedeclareasan outlieranyobservationfor which
the absolutescaledresidual

ÅSmall sample correctionfactor?
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Individual and simultaneous
testing procedures

Åwhich states that observation ώcomes from the postulated 
normal regression model. 

ÅIf the empirical test size is close to the nominal one, say ‌, 
we should thus expect a proportion of false outliers close 
to ‌for any uncontaminated data set (individual size)

ÅWe can also use the whole set of n scaled residuals to test 
the hypothesis that no contamination is present in the data:

ÅOne expects to declare (at least one outlier) in a proportion 
‌of the datasets

Individual and simultaneous
threshold

ÅWe use Bonferronicorrectionsfor simultaneity, 

with level‌ᶻ , so takingthe1ī‌ᶻcutoff valueof 

the referencedistribution.

ÅReference distribution: it is customaryto use the 
Chi squaredreferencedistribution(althoughweare 
usingrobustestimation)
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LTS 
(estimation of variance)

ÅLet

ÅWebase the estimator of „ on this residualsum of 
squares. However, sincethe sum of squarescontainsonly
the centralobservationsfrom a normalsample, the 
estimate needsscaling. The varof truncatednormalis:

‰and ɮare pdf and cdf of N(0,1)

ÅTo estimate „ weuse 

Small sample corr?

LMS and LTS reweighted
(another attempt to break the link 

between bdp and eff)
ÅGiving weight 0 to observations for which

ÅWe then obtain a sample of reduced size nīk, possibly 
outlier free, to which OLS is applied.

ÅLet the parameter estimates be ‍ and„ Ὤ, the 
outliers are the Ὧ observations rejected at the second 
stage
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Huber and Ronchetti (2009)

ÅA plethora of alternative regression procedures have 
been devised whose goal is to improve the 
breakdown point é Unfortunately, it seems that 
these alternative approaches have gone overboard 
with attempts to maximize the breakdown point, 
disregarding important other aspects, such as having 
reasonably high efficiency at the model. It is 
debatable whether any of these alternatives even 
deserve to be called robust, since they seem to fail 
the basic stability requirement of robustness. An 
approach through data analysis and diagnostics may 
be preferable.

Robust regression in 
action
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Hertzsprung Russell diagram. 

ÅGraph showing the 
luminosity of a star 
as a function of its 
surface temperature

The extracted data come from 
the yellow square
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Log light intensity vs Log effective surface
termperature (reverse order)

A comparison of different fits
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Another example: a regression dataset 
with masked outliers (AR data)

Å60 observations, 3 explanatory variables

TRADITIONAL WAY OF DOING 
STATISTICS IN REGRESSION
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Statistics toolbox: RobustOpts on 

LS residuals against predicted values
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QQplot of studentized residuals

S and MM estimators

ÅBreakdown point(bdp)= percentageof outliersthe 
estimator can copewith

ÅEfficiency(eff) = cov(betaROBUST)/cov(betaLS)

ÅS Č fix breakdown point (efficiencydependson 
breakdown point). Ex.  bdp=0.5 Č eff=0.29

ÅMM Č fix efficiency. Ex. eff=0.95 Č bdp=0.12



07/12/2015

60

Analysis with robust S 
estimators:

bdp=0.25

bdp=0.5

Analysis with robust
estimators: MM

90% nominalefficiency 95% nominalefficiency

Individual and simultaneousconfidence
99% bands
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Traditional approach: compare 
robust and non robust fit

ÅRobust Inference as well as Classical Inference

Åñ... just which robust/resistant methods you use is 
not important ïwhat is important is that you use 
some. It is perfectly proper to use both classical and 
robust/resistant methods routinely, and only worry 
when they di er enough to matter. But when they 
di er, you should think hard.ò

ïJ. W. Tukey

Consequences of the use of 
robust estimators

ÅResults obtained via a robust method are sometimes 
completely different

ÅBoth in the use of traditional robust and non-robust 
statistical methods, researchers end up with a picture of the 
data.

ÅWHY NOT TO WATCH A FILM OF THE DATA 
ANALYSIS?
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Consequences of the use of 
robust estimators

ÅBoth in the use of traditional robust and non-robust 
statistical methods, researchers end up with a picture of the 
data analysis.

ÅThe extension to more complex problems is difficult and 
requires ad hoc techniques

ÅThe researcher loses the information that each unit, outlier 
or not, has on the final proposed estimate

Monitoring of scaled S 
residuals
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How to summarize changes in fit?

We consider three standard measuresof correlation:
Spearman. The correlations between the ranks of the two sets 
of observations.

Kendall. Concordance of the pairs of ranks.

Pearson. Product-moment correlationcoefficient

Monitoring of scaled S residuals
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Hampel and hyperbolic rho 
function

EMPIRICAL BDP AND EFFICIENCY
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Monitoring of scaled LTS residuals

Monitoring of scaled LMS residuals
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Forward Search in 
Linear Regression

ÅSTEP1: Start with  very robust fit (LMS or LTS or 
S), then successively fit to larger subsets, found as 
those with the smallest residuals

ÅSTEP2: Subset size increases until all the data are 
fitted. From LMS (LTS or S) to LS

ÅSTEP3: MONITORING (scaled residuals, beta 
coefficients, é)

Step 2: Adding observations during
the Forward Search

ÅThis step is repeatedup to whenall unitsare includedinto the subset

Å GivenS*(m), usingb*(m), we compute the residualsfor the n
observationsand selectthosewhichhavethe smallestsquared
m+1 residuals, m=p, p+1, é., n

m+1

Step 2
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Characteristics of 
the FS

What is inside at step m

What is outside at step m
m = p, p+1, p+2, é, n

ñNew philosophyò of data analysis

ÅOur philosophy involves watching a film of data 
analysis rather than a snapshot.

ÅThe crucial idea is to monitor how the fitted model 
changes as bdpdecreases (S) or  eff increases (MM) 
or, as in the ñforward searchò, whenever a new 
statistical unit is added to the subset.

ÅThe slides which follow show the analysis of the 
AR data using the forward search
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Target

ÅA tool that preserves the interpretative and 
computational simplicity of LS

ÅTo develop a statistical approach that can attack 
relevant inferential issues in a unified way

ÅItalian expression ñBotte pienae moglieubriacaò 
(you canôt have your cake and eat it)

Monitoring of scaled residuals
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Monitoring of scaled residuals

SIGNIFICANCE OF THE 
EXPLANATORY VARIABLES

Standard staticapproach

Tutte le unità Senza l'unità 43

t0 16.55 17.64

t1 -1.26 -1.93

t2 9.64 9.75

t3 16.53 17.66

All units Withoutunit 43
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Two alternative formulae for robust
standard error in regression

Robust t stats
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Monitoring of scaled t-statistics

Monitoring of scaled t-statistic for first 
variable
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Stars data again
Analysis with the monitoringapproach

Monitoring of scaled S 
residuals
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Monitoring of MM residuals
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Monitoring of FS residuals

Hawkins data

Å128 observations

Å8 explanatory variables
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Hawkins data

y

Example of static plots

QQ plot of studentized res.
Residuals vs fitted values
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HD: monitoring of squared scaled residuals 
(example of dynamic plot)

HD: monitoring of scaled residuals

ÅExample of dynamic plot
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Other quantities to monitor

ÅMaximum studentizedresidual among the 
observations belonging to the subset

ÅMinimum deletion residual among the units not 
belonging to the subset

Studentized residuals

We monitor: maximum studentized residualamong 
the units belonging to the subset
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Deletion residuals

ÅWe monitor the minimum deletion residual (MDR)
among the units not belonging to the subset

HD: Monitoring max. stud. res and MDR
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HD: Monitoring of s2

Software
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S, MM, LTS, LMS, MCD, MVE 
Č all implemented in FSDA

ÅS estimators
ÅSreg

ÅSmult

ÅMM estimators

ÅMMreg

ÅMMmult

ÅLTS and LMS

ÅLXS

ÅMCD, MVE 

How to compute 

ÅComputationalalgorithmsare basedon subsampling

ÅTheyare implementedin functionLXS.m

Åand

ÅSreg.m
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The «core» of the function LXS.m

FAST LTS
ÅAn alternative algorithm to find ɓLTS is based on the so 

called concentration steps 

ÅGiven a candidate b1, let b2 be the LS 

estimate based on the data corresponding

to the h smallest absolute residuals. The 

scale estimate based on b2 is not greater

than the esimate based on b1  

I = the set of indexes corresponding to the 

smallest h squared residuals based on b1
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FAST LTS (1/2)

1. Find an initial b by LS using a random subset of p 
observations

2. Calculate the residuals for the whole data set from a 
model with the b just calculated

3. Use the subset of h observations with the lowest 
squared residuals to estimate a new b via OLS.

4. Repeat from step 2. Each repeat of steps 2+3 is called a 
concentration step, or a C-step.

1.Find an initial b by LS 
using a random subset of p 
observations

2.Calculate the residuals 
for the whole data set 
from a model with the b 
just calculated

3.Use the subset of h 
observations with the 
lowest squared residuals 
to estimate a new b via 
LS.

4.Repeat from step 2. 
Each repeat of steps 2+3 is 
called a concentration 
step, or a C-step.
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FAST LTS (2/2)

ÅThe algorithm then repeats the entire process (steps 1-4) a 
number of times (or until convergence) 

ÅEach of these last repetitions yields an estimate of b.

ÅThe final estimate is the best b of these óbestô, that is the 
b with the lowest sum of h squared residuals.

Dynamic visualization: the FSDA toolbox. 
Downloadable from http://www.riani.it

http://www.riani.it/
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Forbes data

ÅMinimum deletion 
residual (mdrplot)

ÅScaled residuals (resplot)

Brushing and linking

ÅOption datatooltip ÅOption databrush
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Dynamic visualization: 
the FSDA toolbox

Two approaches to the 
Forward Search

ÅDescriptive point of view 1998-2004

ÅInferential point of view 2005-now

ÅForward confidence bands for minimum deletion 
residual (MDR)

ÅStrategy to keep into account multiple testing
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Example of the empirical distribution of 
MDR (n=100, p=3)
(1%, 2.5%, 5%, 50%, 95%, 97.5% and 99% bands) 

How to approximate the forward 
distribution of the MDR

ÅMethod 1: truncatedsamples

ÅMethod 2: quantiles

ÅMethod 3: exactorderstatistics(Riani Atkinsonand 
Cerioli, 2009; JRSSb)
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Forward MDR: comparison between theoretical and 
empirical. Quantiles 1, 50 and 99%. n=400

p=4 p=7

p=10 p=13

Automatic outlier detection 
procedure (file FSR.m)

ÅRiani, Atkinson and Cerioli (2009), JRSSB

ÅPart I: signaldetection 

Áupper envelopeexceedance

ÅPart II: signalvalidation

Áenvelopesuperimposition
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Automatic procedure for outlier 
detection: part I signal detection 

Automatic procedure for outlier 
detection: part II signal validation
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Stars data. automatic FS

Stars data: envelope
resuperimposition
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An example with two overlapping groups: 

hospital data (Neter et al. 1996)

Åy = logged survival time of 54 patients undergoing 
liver surgery

ÅOther 54 observations are introduced to check the 
fitted model

ÅNeteret al.: ñthere is no systematic difference 
between the two setsò.

Data description

Åy = logged survival time of 108 patients undergoing 
liver surgery

Åx1 = blood clotting score

Åx2 = prognostic index

Åx3 = enzyme test

Åx4 = score for liver function
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183

Hospital data: yX plot

184

Hospital Data: forward plot of MDR with envelopes 
The difference in the two groups of observations is highly significant

99.99% envelope
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Hospital data: 
traditional robust analysis

LMS LTS

Monitoring MDR for the two groups 
separately: hospital 1
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Monitoring MDR for the two groups 
separately: hospital 2

Bank Data

ÅA (much) more complicated example - there is no 
simple model for all the data

ÅThe aberrant observations do not seem to form a simple 
cluster

Å1,949 observations on the amount of money made from 
personal banking customers.

ÅThe 13 explanatory variables describe the services used; 
all are discrete, one binary.

ÅWhich activities are profitable?
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Bank data: the 13 explanatory
variables

First 10 lines of the dataset

Åx1 = personal loans

Åé

Åx7 = currentaccount

Åé

ÅAll explanatory variables are discrete, taking values 

0, 1, 2,é
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Monitoring robust regression

Forward plot of minimum deletion
residual
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Monitoring t stat as a function of bdp

Monitoring t stat as a function of subset 
size
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Monitoring of t stat as function of bdp (S 
estimator) or subset size (FS estimator)

Monitoring of t stat as function of bdp (S 
estimator) or subset size (FS estimator)
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Bank data. Scatterplots of y against individual explanatory variables for 
the two parts of the data. Left-hand panel, the main body of the data. 

Right-hand panel, the remaining, somewhat different, 255 
observations.

Computational time of 
the forward search?
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Fast efficient updating

ÅTheorem: Assume that just one unit joins the subset 
from step m to step m+1. Then, Sm+1 can be found with 
2n+1 logical operations and the computation of a sum.

ÅOn the other hand, if k>1 new units join the subset, it is 
necessary to compute k additional minima and k 
additional logical operations to find Sm+1

The time is now a roughly linear
function of n.
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In passingfrom a subset of sizem  to 
a subset of sizem+1, on average, 

howmanynew unitsjoin the subset?

X axis = number of new units which join 
subset in passing from m to m+1
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New routines for efficient
recursive updating

Comparison of computation time between the currently available version of 

the FSDA software (solid line) and the new routines

Theoretical properties of the 
FS

ÅCerioli Farcomeni, and Riani (2014) show that the 
estimates obtained at step m and are strongly 
consistent under the null model and have 
breakdown point 1 ī m/n under contamination: the 
FS yields consistent high-breakdown estimators, 
but with adaptive breakdown point
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Nominal versus 
empirical size of 
robust estimators

Empirical size of simultaneous outlier tests (n=50)

RED LINE = 
NOMINAL 
SIZE = 0.01

RED LINE = 

NOMINAL 

SIZE = 0.01



07/12/2015

104

Empirical size of simultaneous outlier tests (n=200)

RED LINE = 

NOMINAL 

SIZE = 0.01

RED LINE = 

NOMINAL 

SIZE = 0.01

Distribution of robust residuals
(normal qq plot)


