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Introduction to robust statistics

AOutliers are observations that are surprising in
relation to the majority of the data

AMay be wrong data gathering or recording errers
transcriptionlectronicaf not manual

AMay be correct and informative for exampleout
departures from the assumed model. Ex. identifiable
subsets in medicatudies

AShouldalwaysbechecked




Outline

ASimple sample
Alntroductionto theoreticakconcepts
AM, S, MM, Tauestimators

ARegression
ATransformations
AModel choice

AMultivariate Analysis
AClustering
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History of Robust statistics

AAwareness of the importance of immunizing against
outliers / gross errors is as old as the experimental
approach to science

AThucydides(History of The Peloponnesian War):
Al n 4 2 8Pldaeafdesieghdedy the
Spartansexcluded extreme measurementshen
estimating the height of the walls and managed to
break the siegebo

History of Robust statistics

AlLegendre @i f among these e
appear to be too large to be admissible, then [...]
will be rejected 0.

AEdgeworth: @At he met hod of L
best course when we have thrown overboard a
certain portion of our
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Why it is not sufficient to screen
data and remove outliers

AUsers, even expert statisticians, do not always
screerthe data.

Alt can be difficult or impossible to spot outliers in
multivariate or highly structured data. Becoming
increasingly difficult withii Y @&8iggerDa t a o

ARejecting outliers affects distributiongariances
can be underestimated if dataare | e &\Ve e d 0 .
would like procedures with defined statistical
properties, such as size of tests. Machine learning?

Notation

Observations y1,...,¥yn
belonging to some sample space Y
Y1), - - - » Y(n) = order statistics
A parametric model Fy on the sample space
0 c RP

T, =T(y1,...,y,) = estimator based on n observations
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Classical and robust theory

Classical Robust

ATheobservationsre  AFis consideredisa

distributedaccordingo = mathematicaabstraction
Fyq whichis only anideal

approximatiorto reality.

The goalis to produce

AExample statisticalprocedures
AF =N(u, 0?) which still behavefairly

Ad= PPN well underdeviations
= (b, U9) from theassumeanodel

The grand plan

AAndrewset al.(1972) (the Princeton Robustness
Study), at which time it was expected that all
statistical analyses would, by default, be robust

Arany author of an applied article who didnot use
the robust alternative would be asked by the
referee for .an explanat




Prediction from 1972 Princeton study

AhFrom the 1970s to 2000
extensions to linear models, time series, and
multivariate models, and widespread adoption to the
point where every statistical package would take the
robust method athe default . . 0

Importance of Robust
Statistics

AA tremendougrowthfor abouttwo decade$rom
1964

AHoweverstill notroutinelyusedin practicaldata
analysisand standard software

AAs we shallsee manysets of dataontain
numerousutlierssorobustnesss acrucialaspect

ARecentlevelopmentsre easy tapplyandinterpret
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Properties of estimators

AConsistency
AEquivariance
ASensitivitycurve
ABreakdowrpoint
AEfficiency
Alnfluencefunction
AMaxBias
AGrosserrorsensitivity

Properties of estimators

A

T+ (G) = value of the estimator when
n — oo and data are from G

AConsistencytheresultsbecomemore and more
precisewhenthe numberof observationsncreases

AFisherconsistencyatthe model the estimatés
equalto theparameteor ™Y (Fy) =d
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Location equivariant estimators

AA location estimatoT should beequivarianin the
sense whea constant is added to the data
(location) and when they are multiplied by a
constant (sca)eyou get:

T(eyr +d,...,cypn+d) =cT(y1,...,yn) +d

Example of location estimators

AMean
AMedian(Me)

AU- trimmedmean(trim a proportionJ from both
ends of the data set atiten take thenear), (w

AU- Winsorizedmeanreplacea proportiond from
both ends of the datet bythe next closest
observation and then take the mean

AExample2, 4, 5, 10, 200

AMean=44.2 Me=5

A20% trimmed mean = (4 +5+ 10)/ 3 =6.33

A20% Winsorizedmean = (4 +4 +5+ 10 + 10) / 5= 6.6




L-statistics

AREMARK: mean U-trimmedmeanandU- Winsorized
mean,medianareparticularcase®f L-statistics

AL -statistics linearcombinatiorof orderstatistics For
example

T(ys;- ..

ayn) — Z aiYV(i)

1
Qip = — =Y
i=1 n
for n odd for n even
Qi = { 1 =l g, = { ! i=2,2+41
0 i # ”gl 0 otherwise
= Me

Scale equivariant estimators

AA scale estimatoB should beequivariantin the
sense that

S(eyr +d,...,cy, +d) =|c

ARemark theabsolutevalueis neededecausa
scale estimatis alwayspositive
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Examples of scale estimators
AStandardieviation
Alnterquartilerange
IQRn = Y(n—[n/a]+1) ~ Y([n/4)
At F, = N(0,0%), IQR(F,) =28 Y0.75)0 # o

1
IQRN,, = 26-1(0.75) {Yn—[n/a41) = Y(jn/a) }

1/2®1(0.75) = 0.7413 = consistency factor

Examples of scale estimators

AMedianAbsolutedeviation(MAD)

MAD,, = Me(ly; — Me(Yy)])

Normalized version

1

MADN, = ————
©-1(0.75)

MAD,, =1.4826 x MAD,,
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Example

ALocation scale modeb< G t K )

ADatad w B o  are the natural logs of the
annual incomes of 10 people.

A9.529.68 10.16 9.96 10.08
A9.99 10.47 9.91 9.995.21

ARemark theincomeof personl0is muchlarger
thantheothervalues

Classical versus robust estimators

The 9 regular All 10
observations observations

%) 9.965 10.49
Me 9.960 9.975
O g 10.021 9.966
SD 0.27 1.68
IQRN 0.13 0.17

AClassicakstimatorsarehighly influencedby theoutlier

ARobustestimatecomputedrom all observationss
comparablavith theclassicakstimateappliedto non
outlyingdata

AHow to compareobustestimatorg

07/12/2015
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(Standardized) sensitivity
curve (SC)

AMeasure the effect of a single outlier on the estiniator

AAssume we have -1 fixed obs.® W .
Add an¢ -th observatioraty, which can be any real
number

SC (yTTTH Yn—l) - {Tn(}/n—la y) - TH(Y;L—l)}’nf
AFor the arithmetic meaSC (y, T}, Yn—1) =y — T,,_1
ANote that SC depends strongly on the dataset

Sensitivity curve (example)

AAnnualincomedata:let. ® consisto f the 9

observations
16 Sensitivity curve
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(Finite sample) breakdown point

AGiven data set with obs.

Alf replacem of obs. byanyoutliers and estimator
stays in éboundedset, but doesn't when we replace

(m+1), thebreakdown point of the estimator at that
data set isn/n

Abreakdowrpointof themean= 0

(Finite sample) breakdown point
of the median

A¢ is even

Y1)y Y2y« Yn/2-1)s Y(n/2): Y(n/2)+1 3 y(n/2+2]a s Y

Arbitraril;’ replaced Me=0.5(y(n/2)+yns211)) Arbitrarily replaced
At isodd
?(l)a'y@)a SO y(%) 3 y(";rlﬁ ) y(ft;l}) vees Y(n)

- — S—— —
Arbitrarily replaced Me=y, 0 Arbitrarily replaced

b — [n 1] ) n n—1

e ——1lor
1.e 3 () 5
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More formally

e
V.. = the set ol datasetg of sizen havingn-m
elementsn common withy

Yo ={z:#(z)=n,#ynNz)=n—m}

bdp(T,,,y) is thelargestproportionof datapointsthat
can bearbitrarily replacedy outlierswithoutthe
estimatoieavinga setwhichis boundedandalso
boundecawayfrom theboundaryof ¢ € ©

m* o — me >0 7
bdp(Ty, y) = ? m max{m > 0 : 1, bounded

and also bounded away from 00 V y € Y, }

d0 denotes the boundary of ¢

Robust statistics deals with
approximate models or model
deviations

AWe needto definea neighbourhooaf theparametric

model

AWe considetthe set oflistributions

{Ge=(1—¢€)Fy+ eW}

AW is anarbitrarydistributionfunction

AWhathappenso bdpwhendata arggeneratedrom{G. }?
Too(Ge) = value of the estimator when
n — oo and data are from G,

07/12/2015
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(Asymptotic) breakdown point (bdp)
Abdp(T,,F,) isthelargest “ N 1ip suchthatfor] T °.
T(G asafunctionof W, remainsboundedalsobounded
awayfrom theboundaryof O .
{Ge=(1—-e)Fy+eW}

Aln symbols thereexistsa boundedandclosedset
K c © suchthat K N 9O = () and

Too(Ge) = Too (1 — €)F 4+ W) € K {Ve < *and ¥V W}

(asymptotic) BDP

Location estimators Scaleestimators
Acx0 AsSD =0
Amedian= ¥, AIQRN=0.25
AU-trimmedmean= U AMADN = 0.5

AU- Winsorizedmean =U

07/12/2015
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(Asymptotic) relative efficiency
(RE and ARE)

AFor a fixed underlyinglistribution, the relative
efficiency (RE) of an estimatdy relative to that of
“Yis )

RE (ﬁa: Tn) _ variance of ’Ijn

' variance of T,

A’Y needonly RE timesasmanyobservationsis”Y
for thesamevariance

ARemark use MSE fobiasedestimators
AARE =limit of REas¢ © Hb

Examples of ARE

ASymmetric distribution p = population mean = population
median

Anad N (§20),
AMe éN(f),——)

AAt normal distributio’ARE(Me; ) =2/ & 64%
AAt t; ARE(Me; ¢ 496%.

AAtt,AREMe )& 11%. 5

AAt t, ARE(Me; o) 4162.3%

AAt t AREMg @) = D

Als t; really a better model for the error distribution than the
normal?

07/12/2015
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Robust statistics deals with
approximate models or model

deviations

AWe needto definea neighbourhoof the
parametrianodel

AWe consideragainthe set ofistributions

{Ge=(1—e)Fy+eW}

AW is anarbitrarydistributionfunction

AWhathappenso ARE whendata argyenerated
from{G F?

ARE with '@y

{Fe=(1—€)N(p, 0*) +eN(p, (t0)*)}
Ai.e.notall measurementsreequallyprecise

(1 —€) +er?
n

var(y) =
-
2(1 —e+¢€/7)?

1
var(Me) = — -
n

AFor(:3 andf >0.10+ ARE(Mey) >1

07/12/2015
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Variance comparison
{Fe=(1—€)N(u, 0°) +eN(p, (10))}

=0.05 =0.10
10

) x var(mean)
=—==n x var(Me)

—_ i) - ——— i — e — -

Purposeto developestimatesvhich combine thdow
varianceof themeanatthenormalwith the
robustnessf themedianundercontamination

Contamination with point mass

(Ge=(1—€)Fy +eW)

AOneparticularcaseis whenW s the set opointmass
distributionswherethe ¢gointmass» is thedistribution
suchthatP(@ w)=1

Interpretation
F, generates with probability (1 — €) data from Fy

and with probability € data equal to g
{F.=(1—¢€)Fy+ 6(5y0}

07/12/2015
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INFLUENCE FUNCTION
(Hampel, 1974)

ADescribesowthe estimatoreactsto a small
amountof contaminatiorat anypoint o

AApproximationto the relativehangen the
estimatorcausedy theadditionof a small
proportionof spuriousobservationstw (small

fractionUof identicaloutliers Estimator in the

T(Fe contaminated

T(Fe) —T(Fg) model
Iim
e—0 €
T F Estimator 1 Infinitesirfnal
computedattrue amounto
( 9) valug ¢=0  contamination

INFLUENCE FUNCTION (IF)

ARemark: thébehaviouiis referredto Y,

~

Too (1 — €)Fy + €6yy) — Too (Fp)

I3 (yo, Fp) = 1611{)1 = -

€ | 0 stands for “limit from the right”

~

Too((1 — €)Fp + €6y,) = asymptotic value
of the estimate when the underlying distribution
is Fp and a fraction € of outliers is equal to yg

07/12/2015
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IF of chMe, & at N(u,1)

IF4(y, Fy) = y — p = unbounded

IFye(y, Fy) = Slggffzo_) )
185, 0. Fp) = S ity — ). 071 - )

PLOT OF THE INFLUENCE
FUNCTION AT N(0,1) (¢fMe, & )

27T X sign
TFare(y, N(0,1)) = Y28 )
sign )
1Fy, ,,(y, N(0,1)) = 1g (232 min{|y — p/, 1.28}

07/12/2015
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SC and IF

AIF : smallfractionUof identicaloutliers

Too((1 — O Fy + €d,,) — T (F,
IFT(?Jo?Fa):lii(rjl ol = )Fp + €0y) = Too(F0)
€ €

ASC : fractionof contaminations 1/&

SC (y()af‘na Yn—l) = {Tn(Yn—layU) - Tn(yn—l)}n

SC (y0, T, Yn—1) = as. IF;:(yo, Ip)

SC and IF

Sensitivity curve of the
incomedata Influence function at N(0,1)

yo)}
~
1
\
1
1
1

2 49,4) — T(y1, - yg

_____ < _y
——Me

-~ Yoa

10 x {T(w,. ..

9 9.2 9.4 9.6 9.8 10 10.2 104 10.6 10.8 1 -3 - B
y Y
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IF and max. asymptotic bias

A A

Too((1 = €)Fy + €dy) — Too (F
IF;(yo, Fy) = lim ool = IFo + cdyo) — Too ()
€ €

Alf 1 is small the &symptoti} bias

~

Too((l - E)FQ + 653;0) - TOO(FQ)
Is approximatedy
€ X IF’f(yOa F)
Remark ThelF (althoughit seemdo be agparticularmeasuref

influence, is sufficientto describeghe max.asymptotidiasof
an estimator over maeighbourhooaf the modebecause

Sup | T(Ge) = T(Fp)|| = esup |[{F;(yo, Fp)l|
Yo

{Ge=(1—-¢e)Fy+ W} {Fe=(1—€)Fy+ €y}

IF and bdp

AIF = dealswith infinitesimalvaluesof ¢
Abdp= largestf an estimator catolerate

Alf an estimatohasbdp=*, ¥ "O remains in a
boundedsetwhenObelongsto "@ withy ¢~

{Ge=(1—¢e)Fy+ W}

AWhatis theworstbehaviournof the estimator for

oy

07/12/2015
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MAXIMUM BIAS (MB) and
BREAKDOWN POINT (bdp)

AThe maximum gsymptoticbiag of Y is

A~

MBj (e,0) = max{ T (F) — 9‘ L Fe GE}

(Ge=(1—€)Fp + W)

AMB givesthe maximalpossibleeffecton T due to
anyfixed fractionof contamination

bdp(Tso, Fp) = max {e >0: MB;,_(e,0) < oo}

Summary values of IF:
Gross error sensitivity (GES)

AThegrosserrorsensitivityof 'Y atF

Y (T, Fy) = sup |1 Fx(yo, Fp)|
Yo

AGESmeasuresheworstinfluencewhich a small
amountof contaminatiorof fixed sizecanhaveon
thevalueof the estimator.

ARobustestimator = estimator withkzoundedSES
AGES< ® B-robust (Biasrobus)

07/12/2015
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Now for something
constructive

Classe®f estimatoravhich havedesirableproperties

Class of M estimators

AGeneralization of maximurikelihood estimators
AY for dsolve

i —1 i
mn > [~ 105 ()
AM estimatorsaaredefinedasthesolution”Y for d of
theminimizationproblem

i
. ‘i:9
mgmzz_;p(y . 0)

A} = someconvexfunctionon & .
} neednotberelatedio anydensity

07/12/2015
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Estimating equations

ASupposehat) hasa derivative

5(056) = | 5000 g 0(3i6).

Athenthe estimatsatisfiegheimplicit equation

> e(yi0) =0
i—1

ANotethatif

Vi0) = | g ton(yi0). ...

we obtainthe MLE

0
1 .

M estimators of location

(y1,92,---,Yn) tid with common cdf F(y — 6)
AM estimatorsf location solve

i — 0 —0) = 0 with
meln;p( ) or Zw with ¢ =/
Examples
2
ply) = % = ¥(y) =y = T, = 7 MLE for normal

= |yl = ¢(y) = sign(y) = T, = Me
MLE for double exponential

How tochoosg or_ ?

07/12/2015
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] and_ functions

AA j functionhasthefollowing characteristics
A} (u) is a nondecreasindgunctionof |u|

A (0)=0

Ay (u) is increasingor u >0 such thaj (u) < } (D)

AA_ functiondenotesafunctionwhichis the
derivative of g functionwhichimplies

A (u)isoddand, (u) O Gor u®

Family of Huber functions
() = { (u2/2) lu/c] <1 () = { u if |u/c| <1

clu| —c?/2 |u/e| > 1 e xsign(u) |ufec| > 1

/’E'l 345

o

o
o

1, 1.345)

o - [S] w &~ o

[=]

Pl
o
o

1 (u, 1.345)

-1

c==1 c=1-345 N
-3 -2 -1 0 1 2 3 1‘5,

u

Athelimit casex Y D ¢ Y 0 are thaneanand themedianandwe define
. (u,0)=sign(u). Monotonic] function

A Brings in extreme observatiotss pc.

&tC_?rresponds to a density with nornsahtreanddoubleexponential
ails.

07/12/2015
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IF for (one dimensional
location) M estimators

— T
IFT(y07F9) = Eqﬁ‘iflo(y — T) )

ABoundednfluenceif . is bounded
ATheinfluencefunctionand the havethesameshape
AIF for locationestimatiorwith apreviouslycomputed

dispersiorestimatef is
0 (0 — Toe) /6

IFA(QOaFQ):(}OO .
' B! ((y = T) /30

Redescending estimators

1.6

1

0.5

0

W (u, 1.345)

S
o

-1

-1.5
-6 -4 -2 0 2 4 6

ATheinfluencecurve proportionalo psifunction) is
constanfor all observation®eyonda certainpoint

AAN M-estimator can be made moesistanby having
the psifunction (andhencethe IF)returnto O.

07/12/2015
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Family of Hampel functions

u lu| < a
() a x sign(u) a<l|ul<b
P(u) = -
: a.cc_lzl x sign(u) b<|u|l <c

0 lu| >=¢

=)
~

@

@
=)
o

IS

[N}

Hampel p(u, [2,4, 8])

0
-10 -5 0 5 10

AHasaredescendingsi function

A The 3tuningconstantgprovideflexibility for tuningthe estimator.
AHow to choosea, b andc?

The rejection point

AThe, functionof theHampelis O for | largerthanc.
Thereforethe IFis O for ly| > ¢ A. We saythatthe
rejectionpointis r= ¢ A. Observationbeyondthe
rejectionpointdo not contributeto thevalueof the

estimate ¢xceptpossiblythroughthe auxiliary scale
estimate)

ATherejectionpointr is theleastdistancerom the
location estimat®éeyondwhich observationsio not
contributeto thevalueof the estimate (for given
auxiliary scale estimate)

07/12/2015
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Wi n s prmadpse

AWi n's principle: «all distributionsarenormalin
the middlexC we wantto havea_, functionwhich
resemblesheonethatis best forGaussiarata.

AThe, function of MLE ofp at N(u, &2) is linear
thereforethe, for M-estimatorf locationshould
be lineameartheorigin

A (u) ka&for small yj (wherekisanonzero
constantisuallystandardizedo k=1)

ADo you believein Wi n s principls?

Family of T u k e bw&ight

functions
Cf(@6) {1 —[1— (u/e)?P} |ufe| <1
plu) = { (2/6) ufe] > 1
oy (2 /6)ull — (u/c)?]® |u/c| <1
(u) = { 0 lufe| > 1

0.8

0.6

W(u,2)

2 2
[ a— c’16
0.6 0.4
- 0.2
%
504 = 0
LS =
T 02
0.2
-0.4
0

-0.6

-6 -4 -2 0 2 4 6 -6 -4 _5) 0 2 4
U T

ATheconstant can betuned for breakdowrpoint
(efficiency). Redescendingsifunction

07/12/2015
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Distribution of M estimators

ALett bethe solutiorof
Ert(y — o) = 0.
ACentreof symmetry for symmetritO

AThen the distribution dfl estimatoris asymptotically
normal

v . Ep{(y)?} A
N P 'L} ‘Z%Z_.
(0. 5p) it v {Er ()~ B?

Theasymptotic relative efficiencg
ARE(fi) = vo/v

wherel is the asymptotic variance of the MLE

{Erv'(y)y® B

Goal: minimize variance subject to

N (,u(], i) with v =
n

Aclassof . functionwhich havea finite rejectionpoint

Acontrolthrougha parametek the changeof variance
sensitivityof the M-estimatorgto investigate the
infinitesimal stability of theasymptoticvariance

Aldea:definea psifunctionswith parameterg\, B andk

AThis hasled to thehyperbolictangen; function
(HampelRousseeuw and Ronchetti, 1981)

07/12/2015
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Hyperbolic tangent_ function

u lul| < d
W(u) = { Ak = 1) tanh (\/(k “1)BZJA(c — \u\)/2) sign(u) d < |u| < e,
0 lu| > c.

0<A<B<20(c)—1—2cxp(c) <1

Athe central part of has to be linear in order to achieve a high asym
efficiency at the model

ANote thatA, B andd are automatically determined after fixikgndc

Location M-estimate: computations

AEquation Sy — ) = 0 implies
i=1

sz‘(?ﬁ - ,&) =0 with w; = -;[;(yl- — ﬁ)/(yi — m_
i=1

AThis suggestan iterative procedure

A Given someinitial estimate (foexamplethemediar) or an
estimateatstep (Y * compute

wi,k:W(yi—,&k), 72:1,2,...,71,

yy = D1 WikYi

==
D1 Wik

AStopwhen|’ 1T

07/12/2015
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Location M-estimate: computations

A Z?zl Wy kY

frt1 = =x
Z«;:1 Wik

Aldea:downweightoutliers

~

ot Heavily Downweighted

A If Wis boundedand norincreasinghenthesequence
convergeso asolution

Alf  (u) is notmonotoneheremaybe multiplesolutions

Comparison of ® (6) ——2

P fo (0)
Huber Hampel

1 1

08 08

0.6 0.6

04 0.4

02 0.2

0 0

6 -4 2 0 2 4 6 -6 2 0 2
w u

Tukey biweight Hyperbolic

1 1

0.8 0.8

06 06

04 0.4

0.2 0.2

0 0

-6 4 2 0 2 4 6 -6 2 0 2

07/12/2015
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Example with multiple solutions

y=[28 26 33 24 34 216 40-22922 24 21 25 30 23 29 3O
-44 -44-44];, MADN, (efficiencyset to 0.95)

Huber Hampel
2 1
1 0.5
— —
jt s
=0 & O
IS IS
-1 0.5
& &
50 40 30 20 -10 0 10 20 30 40 50 50 40 30 20 -10 0 10 20 30 40 &
I fr
Biweight Hyperbolic
1 2
0.5 1
[ — —
% Tt
R O Lo ]
= I
-0.5 -1
-1 -2
50 40 30 -20 -10 0 10 20 30 40 50 50 40 30 20 -10 0O 10 20 30 40 5

2 1

M estimates of location are not
scale equivariant

ATheadaptiveweightsarenotindependenof the
spread of the datavhenthe scalas notestimate(l

o000 000 L]

Equally Downweighted

AExceptions include the mean and the median.

33



M estimate of location with
auxiliary scale

AUsesome(of course roust) estimaté scale, say
and replace in” (i)l (i) by(w * 7,

n
s —
[ = arg mian ( vi ”) =0
cop

i=1

n
. Yi — 1
Ju:E ’U/(;—a_ﬂ)=

i=1

Ac= tuningconstant
A, computedsimultaneousl!y

M estimate of scale

AThe MLE of, for the scale famll)( ) g‘(—)

AOGI B a(-)d—)

ATakinglogsanddifferentiatingwith respecto,, we obtain

o | ]

Aldea: inorderto boundtheeffectof large (0 * 7,
replacewhatisin { } by a” function

rs ()

A O (—) for consistencytthe normaldistribution

07/12/2015
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M-scale as a weighted RMS estimate

AEquation-B  ” (—) )
puttingw (0 " O Fw

can berewrittenas

AB o(—)(—) -

or as

A (—)B o(—) o

Athis is aweightedmeansquareestimate

ARemark‘ istakenasknown

Estimation of the M-scale

AExpression (—)B W (—) W ' suggestan
iterative procedure
AStart with some  (for exampleMADN)

Aln generalgiven, (estimate of, atstepQ find the
weightsas w (—

A (e a() e
A (O)E e () —

ANow giventhat® (¢) 7 © Tw

AL (e ()m )

A..
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Simultaneous estimation of
location and dispersion

Alt is necessaryo solve thesystemof equations

pe r ()
ABB - (—)

ARemark” in orderto distinguishit from the” functionused
for location.

AGivenstartingvalues Hand, (MeandMADN) or an estimatat
stepk, * Hand, find theweights

Avy o (—)
AR

Now regression
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Regression setting

AData whw =1, 2, é, n
A X'YResponse

A X'Y Predictors

ARegressiormodel®d @/ , 0
APredictw by o

AResidualsfor given/:O0 O/ ® @/

M estimates of regression

AThey aredefinedassolutionf to

A T ?"'i(ﬁé)
[ = arg min El P ( P )
n y ;
E W (75}1[ ) x; = 0 where 1) = p/

=1

AFor regressiorit is necessarjo replace
Aw * or —in earlierexpressionbyi or—
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Desired properties

AScaleequivariance

Ui = cyi — B(wi, i) = cB(xi, vi)
AAffine equivariance

7 = Aw; — B, yi) = (A7) 7' Bxi, v0)
ARegressiomquivariance

Ui = yi + iy — Bl@i, 5) = B(wi, yi) +

Why regression equivariance?

Alf o & o0andwistransformedais® ® &f
thenw W Wt O W= Ot

WO O ot Wl T 0 thatis wsatisfies
theregressiomodel withparametewectorf 1 |

AThereforaft =1 (&) is an estimate and data are
transformediswy ®w @[ wewantthatour new
estimate of istransformedas| i
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Computations (known scale)

ARecall LSregression B=(XTX)"'xTy
ATheconstrainis (normaleqg

n

Z ri(B)z; = Opxa

i=1
Aln robustregressiorthe constraints (weightednormaleq9
S (B =0 Y rld) w?;fg)}mi =) ri(Blwiz; =0
i=1 !

i=1 i=1

with i = v/

Alf w; wereknowntheaboveequationcouldbesolved
applyingLS to /w;y; and\/w;z;

Adaptively weighted least squares

AGiven somenitial estimate of sayf , first compute,
(for exampleMADN of theresidual$

AFor k=0, 1, 2 .
AGiven! computeresidualsandweightsasfollows
ik = Yi — .L;FBk 1=1,...,n w; = Y(rik/6)/(rik/F)

AComputé  solving

n -1 mn
> winyi —af B) =0 Pr1 = (Z U"a,kxiwg) > wi gy
i=1 i=1 i=1

AStopwhen  max(|rix —rik1])/5 <e
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Remarks on the iterative
procedure

AThealgorithmconvergesf W(x) is nonincreasingor x>0
Alf  (u) is notmonotoneheremaybe multiplesolutions

AFor simultaneougstimatioroff and, the procedurés the
sameexceptthatat eachiteration,, is alsoupdatedasin
the location case)

Distribution of M estimates

Alf Xis fixed (or if x hasa finite variancdf it is random)

\/5(8 — ) —d Np(O, UQ'YVJJ_I)

Vy = E(zx') or V, = X' X if X is fixed
Ev(u/o)’
(Ey'(u/o))?

ARemark if x hasa finite variancethe efficiencyof
doesnotdependn thedistributionof x
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COV matrix of estimated parameters

~

V(B = B) —a Np(0,09V, 1)

A acorrectionfactordependingn ther functionwhich
is used )
1 T
EvY(u/o)? 4= n—p i ¥ (%)
- n 12
BV@E? 3]

T

COV matrix of estimated parameters

V(B = B) —a Np(0,0%yV, )
AHuberand RonchetuggesB expressiono estimatey,

. 1 .
Ve = +—=——XTWX,

% Z?:l w;
where w; = w(r;/6) = a(r; /7)) /r;
and W = diag(wy, ..., w,).
AHuberderivedanothercorrectionfactor

w-lsie@-rer @)
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Least median of Squares (LMS)

mﬁin Me{r;(5)?*} mﬁin MAD{r;(8)}

Aln theunivariatecase LMSecomesheMidpoint of the
SHORTesHalf = SHORTH

ASHORTH = shortestinterval that coverkalf of the
values |

Properties of LMS

Alt is the centrdine of theshortes{narrowes} strip
containing?z of the data

Alt doesnotrequirea scale estimate

ARegressionscale and affinequivariant
Abdp=0.5, Fisheconsistenandasymptoticallynormal
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Drawbacks of LMS

Alt displaysmarkedsensitivityto centraldatavalues
(notlocally stablg

Alt is veryinefficient (convergesita rate 14/)

\/EHBA — B[ —p 00
I/nl|B — Bl = 0,(1)

Least Trimmed Squares
regression (LTS)

AlLeastsquares n ,
au min » " r;(53)?
=1

h

: 2
ALeasttrimmedsquares min Y [ri(5)])
i=1

r(8)%)1y < [r(8)*]i2) < - < [F(B)?](n)
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Characteristics of LTS

AA particularcase of Lestimate of scale
ARegressionscale and affinequivariant
AFisherconsistenandasymptoticallynormal

Abdp _th )

Aconvergesita rate 1€

ALow efficiency (Ex. 7%atthenormaldistribution
whenh=[n/2])

Regression S estimators

ALTS minimizesarobustresidualscale estimate

Brrs = arg IIIilng(}LTS(IB)

1 h

— > (81

=1
Aldea:minimize a moreefficientrobustscale estimator

&LTS(/B) = min

ARegressiors estimatominimizesan M estimate of scale

Bg = arg mingoa(3)
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Regression S estimators

ALeastsquares min Y 7i(3)?
i=1
AS estimates ‘oA
min ()

where for each 3, () solves

n

%ch (”f)) =K,

=1

bdp of S estimators

Alf 7 satisfiesthefollowing conditions

1. It is symmetric and continuously differentiable, and p(0) = 0;

2. There exists a ¢ > 0 such that p is strictly increasing on [0, ¢|

and constant on [¢, 00);

3. It is such that K./p(c) = bdp, with 0 < bdp < 0.5,

Atheasymptotidoreakdowrpointof the S estimator

tendsto bdpwhen¢ © H
AFor consistencyve requirethat

%;p (ngﬁ)) K, o, o (2)] = K.
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S estimates of regression. Tuning
constant associated with a bdp

AFrom theequations
Ke=bdp x p(c)  K.= Eg,, {p (%ﬂ

Awe can compute. Forexamplefor T u k ebiwéight”
functionwe have

ooy = |G- B i el

0 if 2] > c,
: 312 374 IG CZ (1_2
-/—C (2 2 * bcl) d®o,1(z) + gPI'(|X| > ¢) = bdp x 5

{Pr(x:§ <) Prg <)

Pr(x2<c?) ¢ c
5 —_ — = —_
5 02 + 15 - + 3 (1—®(c)) bdp

S estimates of regression. Tuning
constant associated with eff

AFrom theequations V(B = B) =4 N, (0, 024V
E¢(u/o)?
- (BY/(uf0))?

Awe can compute c. Faxamplefor Tukey biweight”
functionwe have

/-tw'(‘r]rhl»t‘r) 1.'>Pr[\if 4 g PH‘?: 4, Prix? < c?).  (19)
Similarly, we obtain for {¢(x)}’
/V (@) db) = onlti <) aPrhE <) oo o PG < &)
1. X p
1 x wm‘%') FPr(x; < &) (20)

07/12/2015

46



Efficiency and breakdown point

Consistencyactorc (top panel) and efficiency (bottom
panel) as a function of the breakdown pgbutp) for
Tukey'sBiweight

50
40

o 30
20
10

0 0.1

0.2 0.3 0.4 0.5
Breakdown point (bdp)

(=]

Efficiency (eff)

e o o
o

r'S

o

0.1 0.2

0.3 0.4 0.5
Breakdown point (bdp)

Efficiency and breakdown point

Consistency factar (top panel) and breakdown point
(bottom panel) as a function of the efficier{eyf) for
Tukey'sBiweight

o W & @ N

.5 0.6 0.9 1

0.7 0.8
Efficiency (eff)

w

Breakdown point (bdp)
o (=] (=]
nN

0.9 1

o =
(4]
o
@

0.7 0.8
Efficiency (eff)
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t

TRADE OFF
robustness-efficiency

AHossjer(1992):an Sestimate with break down point equa
asymptotic
distributed errors that is not larger than 0.33.

o 0.5 has

an

Breakdown Consistency Asymptotic efficiency at
point (bdp) factor (¢) the normal model (eff)
0.05 7.5453 0.9924
0.10 5.1824 0.9662  Table 1 Breakdown point,
0.20 3.4207 0.8467  consistency factor and
0.25 5 9370 0.7590 asymptotic efficiency at the

' T T normal model for Tukey’s
0.30 2.5608 0.6613  Biweight loss function in
0.40 1.9880 0.4619  regression
0.50 1.5476 0.2868

S and LMS

ALMS is an Sestimate with aliscontinuoug

function

ADavies showshatestimatedaseddn smooth”
functionhaveaconvergenceate¢

8
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Regression MM estimators

T ri(B)
min Peff=0.95 | — =
; (Us(ﬁs))
Aldea:fix bdp=0.5 andusing” g findf and,
usingS estimators
AFix eff=0.95, andising ” g using and, as

startingvaluesin theweightedleastsquare$oop

AThe estimate of the scakekeptfixed in the iterative
procedure

Claim of MM estimators

AHIGHLY ROBUST AND EFFICIENT
AT u k ebiwéight rho (TB):

Ablueline bdp=0.5C ¢=1.548 &ff=0.29)
Aredline eff=0.95C ¢=4.685(bdp=0.12)

s

o © o
N »® ©

c =3
=

=}
=

TB. Normalized p,.(z)

o
N

<

, ©
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Claim of MM estimators
AHIGHLY ROBUST AND EFFICIENT
AT u k ebiwéight W (TB):
Ablueline bdp=0.5C ¢=1.548 &ff=0.29)
Aredline eff=0.95C ¢=4.685(bdp=0.12)

c(
o © © © © ©o ©
N oW A B B N @

=}

TB weight function ¢

, ©

Tau estimators (another attempt to
break the link between bdp and eff)

AUnlike MM estimatesio notrequirea preliminaryscale
estimate.

Alf , 1 solvestheusualscaleequation

1 - 7“7;(5)) K
n;pc[} (6(6) (&3]
Adefinethe scale taas
2 om2l ri(8)
r(8)° = 6(8)*~ ;p (&(B))
AA regressiortau estimatés definedby
B = min7(3)
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Properties of tau estimators

()5 -5 ()

i=1

AMinimize arobustscale estimatdike S estimatorybut
(unlike S estimator¥with acontrollableefficiency

ANotethatif” (1) ” () i C LScriterion
Aln thiscasefunctionf is a linearcombinationof” and

AClaim: by anadequatehoiceof ” the estimate can be mad
arbitrarily closeto the LS estimate artiereforearbitrarily
efficientatthenormaldistribution

Outlier detection

AWe declareasanoutlier anyobservatiorfor which
theabsolutescaledresidual

[ri(B)|/6 > @711 — o)

ASmallsamplecorrectionfactor?
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Individual and simultaneous
testing procedures

Hy,; = yi ~ N(ai3,0%),
Awnhich states that observatiancomes from th@ostulated
normalregressiormodel.

Alf the empirical test size is close to the nominal one| say
we should thus expect a proportion of false outliers clost
to| for any uncontaminated data $etdividual size)

AWe can alsause thavhole set oh scaledresidualdo test
the hypothesithat no contamination is present in the data

HOEAH : H():l Mn...N H(),n.

AOne expects to declare (at least one outlier) in a proport
| of the datasets

Individual and simultaneous

threshold
AWe useBonferronicorrectiongor simultaneity
with level| ©* -, sotakingtheIr| * cutoff valueof

thereferencdistribution

AReferencalistribution it is customaryto use the
Chi squaredeferencalistribution(althoughwe are
usingrobustestimation
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LTS
(estimation of variance)

ALet .
SST(Brrs) = min Z ri(8

AWe base the estimator of onthlsreS|dualsum of
squaresHowever sincethe sum oSquaregontainsonly
thecentralobservationérom anormalsample, the
estimateneedsscaling Thevar of truncatechormalis:

cr%(h)—l—%fb (n;lh)qb{(b_l (n;;lh)}

%0andlz are pdf anatdf of N(O,l)

ATo estimate weuse _
Small sampleorr? I x (T%UL)

LMS and LTS reweighted
(another attempt to break the link
between bdp and eff)

AGiving weight 0 to observatiorfsr which

rprsil = ri(Brrs)|/6rrs(h) > @71(0.975)

AWe then obtain a sample of reduced siz&, possibly
outlier free towhich OLS is applied

ALet the parameter estimatesfbe and, Q, the
outliers are theQ observations rejected at the second
stage

rersril = ri(Brrsr)| /orrsr(h) > 711 — a*)
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Huber and Ronchetti (2009)

AA plethora of alternative regression procedures have
been devised whose goal is to improve the
breakdown point é Unfor
these alternative approachessegone overboard
with attempts to maximize the breakdown point,
disregardingmportantother aspects, such as having
reasonably high efficiency at the modelislt
debatable whether any of these alternatives even
deserve to be called robusince theyseem to falil
the basic stability requirement of robustness. An
approach througtataanalysis and diagnostics may
bepreferable

Robust regression in
action
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Hertzsprung

AGraph showing the
luminosity of a star
as a function of its
surface temperaturg

)
>
@

Russell diagram.

The extracted data come from

the yellow square

Supergiants

Main is
sequence !

‘Giénls

o
=
£
=
o
w
=3
o
=
=
=]
|

40 ooo 20 ooo 10 ooo sS0ooo

Temperature [K] and spectral class
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Log light intensity vs Log effective surface
termperature (reverse order)

6.5
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Log effective surface temperature

A comparison of different fits

Log(light intensity)
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Another example: a regression dataset
with masked outliers (AR data)

A60 observations, 3 explanatory variables

+ + +
10 + + +
+ + +
+ +
5 e o T + &
+ + i+
L e HEY A
0 g + L e+
= + $+ + {'{ﬁ- +%}
+ ¥
+ o+ Hi+ 4
5t ihet ++ +PF+ +4++¢
+ Ra
LR +++#-q By
10 RS + + * BT
+* + ++
+ + +
15 + -+ +
2 0 2 -2 0 2 8 6 4 -2
X1 X2 X3

TRADITIONAL WAY OF DOING
STATISTICS IN REGRESSION

>> mdlr = fitlm(X,vy):
>> mdlr

Linear regression model:
vy~ 1+ x1 + x2 + x3

Estimated Coefficients:

Estimate SE tStat pValue
(Intercept) 11.174 0.67501 16.553 3.1288e-23
x1 -0.21796 0.17244 -1.264 0.21146
x2 1.4981 0.15534 9.6439 1.6733e-13
x3 2.2596 0.13668 16.531 3.3265e-23
Number of observations: 60, Error degrees of freedom: 56

Root Mean Squared Error: 1.09
R-squared: 0.965,
F-statistic vs. constant mode

Adjusted R-Squared 0.963
1l: 510,

p-value = 1.33e-40
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Statistics toolbox: RobustOpts on

»>>» mdlr = fitlm(X, v, 'RobustOpts', 'on'):

>> mdlr

mdlr =

Linear regression model (robust fit):
vy ~ 1+ x1 + x2 + x3

Estimated Coefficients:

Estimate SE tStat pValue

(Intercept) 11.415 0.71721 15.915 1.9345e-22
x1 -0.25422 0.18322 -1.3875 0.17078
x2 1.4662 0.16506 8.8832 2.7871le-12
x3 2.3066 0.14523 15.883 2.1262e-22

Number of observations: 60, Error degrees of freedom: 56
Root Mean Squared Error: 1.16

R-squared: 0.961, Adjusted R-Squared 0.959

F-statistic v constant model: 456, p-value = 2.59e-39

LS residuals against predicted values

[aN IS - ..
...
..
L
[ . e . .
e ® o o° ® 9
.I’ o @ L4
%)
-g o - q. & s IL
o e o
‘@ LJ e o
[ o ]
T . ® .
| - ©® -
o, o L °
(I\I_
® 43
T T T T T
-10 -5 0 5 10

Predicted values
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QQplot of studentized residuals

Studentized residuals
0
1

-2 -1 0 1 2

Quantiles of standard normal

S and MM estimators

ABreakdowrpoint (bdp= percentagef outliersthe
estimator carcopewith

AEfficiency (eff) = cov(betaogys/cov(betas)

ASC fix breakdowrpoint (efficiencydependsn
breakdowrpoint). Ex. bdp=0.5C eff=0.29

AMM C fix efficiency Ex.eff=0.95C bdp=0.12
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Analysis with robust S
estimators:

Index plot of residuals

w 47
= ————99% band
% 2l 2 £ 95% band
= o (oo OO Q —
2 oL @° © oo 9 Py a2 Coo S og ooOoo bdp—025
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Index plot of residuals
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Analysis with robust
estimators: MM

95%nominalefficiency
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Traditional approach: compare
robust and non robust fit

ARobust Inference as well as Classical Inference

An. .. just which robust/
not important what is important is that you use
some. It is perfectly proper to use both classical and
robust/resistant methods routinely, and only worry

when they di er enough
di er, you should think
T J. W. Tukey

Conseqguences of the use of
robust estimators

AResults obtained via a robust method are sometimes
completely different

ABoth in the use of traditional robust and frobust

statistical methods, researchers end up with a picture g
data.

AWHY NOT TO WATCH A FILM OF THEDATA
ANALYSIS?
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Consequences of the use of
robust estimators

ABoth in the use of traditional robust and frobust
statistical methods, researchers end up with a picture o
data analysis.

AThe extension to more complex problems is difficult ant
requires ad hoc techniques

A The researcher loses the information that each unit, ou
or not, has on the final proposed estimate

Monitoring of scaled S
residuals

S residuals optimal p function
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How to summarize changes in fit?

We consider threstandardneasuresf correlation

SpearmanThe correlations between the ranks of the two sets
of observations.

Kendall Concordance of the pairs of ranks.
PearsonProductimomentcorrelationcoefficient

Monitoring of scaled S residuals

S
7e pearman

1
~
6y 095
:: 09
* . 0.85 |
2 08
B 041 0.31 021 0.11 0.01
_E Kendall
o 1~ —
E 0.9
R
7, 08 I
% 07 |
.‘—; 041 0.31 021 0.11 0.01
= Pearson
@ 1
09 |
08
|
07
041 0.31 021 0.11 0.01

bdp
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Hampel and hyperbolic rho
function

6}

S residuals Hampel p function
S residuals hyperbolic p function

EMPIRICAL BDP AND EFFICIENCY

Table: Empirical breakdown point and efficiency during monitoring for
the transition between very robust and least squares regression: five
estimators and four p functions. The values are for the step before the
switch to a non-robust fit

Estimator Bisquare Optimal Hyperbolic Hampel
S bdp 0.27 0.27 0.26 0.27
=085 bdp 0.38 0.40 0.41 0.41
=090 bdp 0.45 0.48 —a 0.50
=095 bdp —a —A —A —a
MM effic. 0.91 0.97 0.90 0.87

a For these values of 7 and p function, only non-robust solutions
were obtained during monitoring.
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Monitoring of scaled LTS residuals

Spearman
1
0.9
0.8
0.7
0.41 0.31 0.21 0.1 0.01
Kendall
4 1
<
=
o= 0.8
wm
)
-
w0 0.6
H
|
0.4
0.41 0.31 0.21 0.11 0.01
Pearson
1
0.9
0.8
0.7
RS . . ‘ ‘
0.41 0.31 0.21 0.11 0.01 0.41 0.31 0.21 0.1 0.01
bdp bdp

Monitoring of scaled LMS residuals

. Spearman
1
0.9
0.8
0.7
0.41 0.31 0.21 0.11 0.01
Kendall
4 1
1
.=
= 0.8
8
-
w2 0.6
=
4
0.4
0.41 0.31 0.21 011 0.01
Pearson
1
0.8
0.6
0.4
0.41 0.31 0.21 0.1 0.01 0.41 0.31 0.21 0.11 0.01
bdp bdp
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Forward Search in
Linear Regression

ASTEP1: Start with very robust fit (LMS or LTS or
S), then successively fit to larger subsets, found as
those with the smallest residuals

ASTEP2: Subset size increases until all the data are
fitted. From LMS (LTS or S) to LS

ASTEP3: MONITORING (scaled residuals, beta
coefficients, ¢&)

Step 2: Adding observations during
the Forward Search

A GivenSt(m), usingb*(m), we compute theesidualgfor then

observationgndselectthosewhich havethe smallestsquared

mtlresiduals m=p, p+1, é ., n

Step 1 &’ Step 2 &’
el €U

s*(mFb*(m)er(m)zg‘jg m+1 S'(m+1)_.b*(m+1)—>e2(m+1)22%43
é .U é,u
&t &

Arnis step is repeatedip to whenall unitsareincludedinto the subset

S(n) — b (n)—— e*(n)=€2U

€au

é,U
e
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Characteristics of

What is inside at stem

A
P
TS

m=p, p+l p+t2 &, , .
P. pHLp What is outside at stap

ANew phil osophyo

AOur philosophy involves watching a film data
analysigather than a snapshot.

AThe crucial idea is toonitor how the fitted model
changessbdpdecreases (S) or eff increases (MM)
or, as int h ®rwdird searcho , whamnea v er
statistical unit is added to the subset

AThe slides which follow show the analysis of the
AR data using the forward search
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Target

AA tool that preserves the interpretative and
computational simplicity of LS

ATo develop a statistical approach that can attack
relevant inferential issues in a unified way

Al t al i an

e
(you canbod

X pienaesnsglieubriacé® B o t
t dmceatp your ca

Squared scaled residuals

Monitoring of scaled residuals
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-
9w T
201 9 TN R s
. s AN}
p - S
18 \
>~ \\
hY L
31 PN an WY \\ AN A
16 - TN, o S d Py
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Monitoring of scaled residuals

Squared scaled residuals

: . T
15 20 25 30 35 40 45| Mouse Click on Plotted Data...
Subset size m

SIGNIFICANCE OF THE
EXPLANATORY VARIABLES
Standardstaticapproach
t0 16.55 17.64
tl -1.26 -1.93
t2 9.64 9.75
t3 16.53 17.66
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Two alternative formulae for robust
standard error in regression

Robust t stats

Traditional S t-stat optimal rho function

1 1 1 1 L I 1 1 ]
046 0.41 0.368 0.31 0.26 0.21 0.16 0.1 0.08 0.01

-
- ‘

201 *

b= o=” _“i - e e im -
15_2 L¥3 PR Y R - Y m m-

A - T

- -, g -———
1073 -~ 'l‘ ...................
sm
0 \
-5 1 1

046 041 0.36 0.3 0.26 0.21 0.18 0.1 0.08 0.01
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Monitoring of scaled t-statistics

Monitoring of t-stat
251

20

o N\

5 1 L 1 1 I
10 20 30 40 50 60
Subset size m

Monitoring of scaled t-statistic for first
variable

Monitoring of t.stat for first variable
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Stars data again

Analysis with themonitoringapproach

S residuals bisquare p function

Monitoring of scaled S
residuals

Spearman

121 1
B =
\
3, 0.9 I“
R |
e~ 0.8 |
~Z . : SN 0.7
8F RS :\ " 048 038 028 018 008
~ \
\.\:\ Kendall
\
:.\\ 1 o~ —
L \
¢ N 09 ||
N ||
0.8 ‘\
417\ 07 ‘\“
o. _ _ 048 038 028 018 0.08
2r N 3 . Pearson
| [
= ‘ll‘
ol = 0.8 ‘\“
|
7 0.6 |
L= n : . 04
048 038 028 018 008 048 038 028 018 008

bdp.
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10r Spearman
- - - _ 1
30----- -
- BN 0.95
- ToTm NN 0.9
Nas Y 1
= A 0.85
g s
£ ~ 0.8
= 6r 052 062 072 082 092
=
N Kendall
U
£, !
5 af
= 0.9
T |[fm==-===-— - -
R ~ 0.8
o S
w ol -~
= 2 “'} 4 0.7
=
% 11 052 062 072 082 092
[
: o Pearson
=] 1
= 7
Ll 0.8
0.6
4l . . ' . 0.4
052 062 072 082 092 0.52 062 072 082 092
eff eff

Stars data. Empirical breakdown point (bdp) or efficiency (eff) for MM: five estimators and)
four p functions. The values are for the step before the switch to a non-robust fit

Estimator Bisquare  Optimal Hyperbolic Hampel
S bdp 0.17 0.17 0.17 0.17
7 =0.85 bdp 0.14 0.14 0.14 0.16
7 =10.90 bdp 0.17 0.16 0.16 0.20
T =0.95 bdp 0.26 0.21 0.24 —a
MM eff 0.98 0.99 0.97 0.96

# For this combination of 7 and p function, only non-robust solutions
were obtained during monitoring.
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Monitoring of FS residuals

90

80

70 |

60 [

50

Squared scaled residuals

5 10 15 20 25 30 35 40 45 50
Sithzat giza m

Hawkins data

A128 observations
A8 explanatory variables
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Hawkins data
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Example of static plots

QQ plot of studentized res.
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HD: monitoring of squared scaled residuals
(example of dynamic plot)

15

10
1

Scaled squared residuals

Subset size m

HD: monitoring of scaled residuals

Scaled residuals
(==}

7 1 1 Il 1 Il 1 Il Il 1 Il
20 30 40 50 60 70 80 90 100 110 120 130
Subset size m

AExample of dynamic plot
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Other quantities to monitor

AMaximum studentizedresidual among the
observations belonging to the subset

AMinimum deletion residual among the units not
belonging to the subset

Studentized residuals

- € _ Yi—Yi
;= —
sy/(1—hi) sy/(1—h)

We monitor: naximum studentized residualamong
the units belonging to the subset

Tlm] = Max ‘?"é S(m)‘ for i € ng)

m=p+1,...,n.
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Deletion residuals

yi — xL 3(m*
ri(m*) = yi —ax; F(m*)

B V2L + hi(m*)}

imin = argmin | (m*)| for i¢ S

AWe monitor the minimum deletion residual (MDR)
among the units not belonging to the subset

eimin (rn’v )

- Va2 (mH) {1+ hi, (m*)}

rznin (]n/ ' )

HD: Monitoring max. stud. res and MDR

=
g2
el
o © 1
el
0 © 4
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o | )
o
El
32
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o
s e
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HD: Monitoring of s2

15

10

T T T T
0 20 40 60 80 100

Subset size m

T
120

Software
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S, MM, LTS, LMS, MCD, MVE
C all implemented in FSDA

AS estimators
ASreg
ASmult

AMM estimators
AMMreg
AMMmult

ALTS and LMS
ALXS

AMCD, MVE

How to compute

Brrs, Brums, Bs

AComputationahlgorithmsarebasedn subsampling

ATheyareimplementedn functionLXS.m
Aand
ASreg.m
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Example: algorithms to find

/BLMS 1
X S (p)

W) P xp) €(p)

éil Xll 2 Xl,p-l? 21 X1 2 Xl,p-lg (nx 1)
u & X1 3 X514

gl Xy 3 Xz,p-1|:| ‘ G4 4 6 / v e zu €nea.sir)
é4 4 6 4 U g *p1 3 Xpp-1f) e’(p) = gejﬂ
€ u
@/l' Xn1 3 Xn,p-lu @3 U

] IS basedon thep-tuple
S*(p) which shows thesmallest
medianof squaredesiduals

The «heart» of the function LXS.m
for i=l:nsamp

% Extraction of a subset
s=randsample (n,p) ?

% X and y based on subset
Xb=X(s3,:):
yb=y(s):

% Compute the vector of coefficients using matrice ¥Xb and vyb

b=Xb\yb;

% Residuals for all observations using b based on subset
r=y-X*b;

% Squared residuals for all the observ
r2=r."2;

ations

% Ordering of squared residuals
r2s=sort (r2);
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The «core» of the function LXS.m

% Ordering of squared residuals 1
r2s=sort (r2):
if Ims==1:
rrob=rZs (h);
else
rrob=sum(r2s(1l:h)):
end
if rrob<rmin
% rmin = smallest ordered quantile or smallest truncated sum.

rmin=rrob;

% brob = \beta Ims or \beta lts

brob=b:

% bs = units forming best subset according to lms or lts
bs=s;

end

FAST LTS

AAn alternative algorithm to finfi < is based on the so
called concentration steps

A Given a candidate b1, let b2 be the LS
estimate based on the data corresponding
to the h smallest absolute residuals. The
scale estimate based on b2 is not greater
than the esimate based on bl

| = the set of indexes corresponding to the
smallest h squared residuals based on bl
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FAST LTS (1/2)

1. Find an initialb by LS using a random subsetf

observations

2. Calculate the residuals for the whole data set from a
model with theb just calculated

3. Use the subset ¢fobservations with the lowest
squared residuals to estimate a riewa OLS.

4. Repeat from step 2. Each repeat of steps 2+3 is called

concentration step, or a<iep.

1.Find an initialb by LS
using a random subset jpf
observations

2.Calculate the residuals
for the whole data set
from a model with thé
just calculated

3.Use the subset &f
observations with the
lowest squared residuals
to estimate a nel via
LS.

4 Repeat from step 2.
Each repeat of steps 2+:
called a concentration
step, or a Step.

%% Step 1

% subsample of p elements
s=randsample (n,p)

Xb=¥(3,:);

yb=y (s) ¢

% Regression using just p cbservations
b=regress (yb, Xb) ;

%% Step 2

% Residuals for all the observations
r=y-X*b;

% Sort squared residuals

[r2,IX] =sort(r.”2):

% Sum of smallest (n/2) squared residuals
r2LTS=sum(r2(1: (n/2))):

disp (r2LTS)

for i=1:6

%% Step 3

% Find the indexes of the units witht he smallest n/2 squared 1
IX1=IX(1:n/2):

% Find subset of y

yl=y (IX1):

% Find subset of X
X1=X(IX1,:):

% Find estimate of beta
bet=regress (yl,X1);:

just using subset of y and X

%% Repeat step 2

% r = residuals for all observations
r=y-X*bet;

% sort squared residuals

[r2,IX] =sort(r."2):

% sum of the smallest squared residuals (truncated sum)
r2LTS=sum(r2(1l:n/2));:
% show value of truncated sum at each iteration

disp (r2LTsS):
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FAST LTS (2/2)

AThe algorithm then repeats the entire process (stépsil
number of times (or until convergence)

AEach of these last repetitions yields an estimate of

AThe final estimate isthebdsb f t hese 6be:
b with the lowest sum dfi squared residuals.

Dynamic visualization: the FSDA toolbox.
Downloadable from http://www.riani.it

P -1 ™ ¥ & * FSUA 100ID0X *

| Contents Search Resuits|_
= @ WATLAB
N4 S0A Toobor]
@ Introduction to the forware
@ Product Overview
& User Guide o
# f Functions Functions:

v Examples By Category
£y Demos Alphabetical List
/ Release Notes

= & Spreadsheet Link EX Documentation Set
« @ Statistics Toolbox

Product Overview
Introduces Forward Search Data Analysis (FSDA) Toolbox™ software and gets you started

using it

User's Guide
Provides tutorials and comprehensive information about FSDA Toolbox software

Examples in Documentation
Lists major examples in the FSDA Toolbox documentation

Product Demos
Forward Search Dat:

rch Data Analysis toolbox Demos
Presents a collection of demos that you can run from the Help browser to help you learn the
product

Support and feedback: write to toolboxFS@unipr.it

« The developers of the toolbox + The forward search group « Terms of Use - Trademarks « Acknowledgments
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http://www.riani.it/

Forbes data

AMinimum deletion AScaled residuals (resplot)
residual (mdrplot)

B Monitoring of Minimum deletion residual T S| 2 T8 Monitoring of Scaled Residuals - — S L
file Edit View Insert Tools Desktop Window Help » [|le £dit View Insert Tools Desktop Window Help
DEde| k(S U9LRL- 2 0B D NEde | k| © 9L A- QA 0E =D
(]
4
S S S
12 Envelope based on 17 obs. 35 12
3
25

Minimum deletion residual
Scaled residuals
&

2 4 G 8 10 12 14 16 18
Subset size m

6 8 10 12 14 16
Subset size m

Brushing and linking

AOption datatooltip AOption databrush

4r T T T T T T \

Envelope based on 17 obs. 44__—_____—____;\
T 12
12r mdr=12.4 1
Step m=16

© Unit(s) entered in step 17=12 3-
>
B 10} P
¢ ]
< =
§ o 35
2 7
E o
E 6 g n
E —
£ :
= 0

4r 0

0-
s
0 2 1% 4 6 8 . 10 12 14 16 L |
Subset size m 7 i
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Dynamic visualization:
the FSDA toolbox

Search

Contents | Search Results

£~ 2 |4 &y » FSDAToolbox * Demos »

FSDA Toolbox pemos

= & MATLAB
=& FSDA Toolbox FSDA Tookbox™ provides statis
-4 Introduction to the forward search philosophy of data

# & Spreadsheet Link EX
=& Statistics Toolbox

& includes functions and interactive tools for analyzing and modei

Toolbox™ s

Search Data Analy:

~ Release Notes

Hawkins data (4 min, 0 sec)

R

Multiple regression data (6 min, 17 sec)

6R

Fishery data (5 min, 52 sec)

R

& To be implemented in future releases of the product

ticians, engineers, scientists, researchers, financial analysts with a comprehensive set of toois to assess and undet

data, learning and teaching s

Search Data Analysis Toolbox™ supports a set of routines to develop robust and efficient regression analysis. In addition, & offers a ri

@ Product O The Forward Sear
roduct Uverview graphical tools which enable us to explore the connection in the various. features of the different forward plots.
@& User Guide . . .
AllForward Search Data Analysis Toolbox™ funclions are writen in the apen IATLABS language. This means that you can nspect the algorithms,
- fx Functions code, and create your own custom functions.
+ Examples

Product |

Two approaches to the
Forward Search

ADescriptive point of view 19982004

Alnferential point of view2005now

AForward confidence bands for minimum deletion
residual (MDR)

A Strategy to keep into account multiple testing
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Example of the empirical distribution of
MDR (n=100, p=3)
(1%, 2.5%, 5%, 50%, 95%, 97.5% and 99% bands)

W o~

<+ -

etion residual

Minimum deleti
2
® _| K
o

How to approximate the forward
distribution of the MDR

AMethod 1:truncatedsamples
AMethod 2:quantiles

AMethod 3:exactorderstatisticg RianiAtkinsonand
Cerioli, 2009;JRSSb
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Forward MDR: comparison between theoretical and
empirical. Quantiles 1, 50 and 99%. n=400

gl

i

Automatic outlier detection
procedure (file FSR.m)

A Part I:signaldetection

A upperenvelopexceedance
A Part 11: signalvalidation

A envelopesuperimposition

ARiani, Atkinson and Cerioli (2009)RSSB
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Automatic procedure for outlier

8

detection: part | signal detection

Minimum deletion residual

Envelope based on 128 obs.

40 60 80 100 120
Subset size m

Automatic procedure for outlier

detection: part Il signal validation

Tyin (112, 84)

Prin (M, 85)

Ponin (112, 87)
P (86, 87) = 99% envelope
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Stars data. automatic FS

99.99%
57 v N T T T T T T
ANEEAY Fmin{m.,47). Signal is in step m = 43 because "'
AN . X (17 Iy
S VRSN Fonin (43,47) > 99.999% | 1y
45 - NN I
\ AN I £y
\ i
A N | 'll.l]
L ~ I, M
& Moo ~ T
W Ny Sa_ s e
i ~ < - <4
s
25
2
50%
1.5 -
s
Il —y
5 1%
.
Stars data: envelope
T
1
N Fonin (M, 42) I N Funin(m,43)
4
3
2
1
) ] [
\ Fonin (2, 44) 6l o
\\A‘;{f-likuh‘l) > 99% envelope . ° L : .
~ : s
~ T+ 4
1
5 Tt
+ o+ T4
+ -
45 “t JE
+F 4
4 + +
35 4 45

10 15 20
Subset size m
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An example with two overlapping groups:
hospital data (Neter et al. 1996)

Ay = logged survival time of 54 patients undergoing
liver surgery

AOther 54 observations are introduced to check the
fitted model

ANeteretal.:fit h e
bet ween t

t e

re i s no Ssys
he two setso.

Data description

Ay = logged survival time of 108 patients undergoing
liver surgery

Ax, = blood clotting score
Ax,= prognostic index

Ax, = enzyme test

Ax,= score for liver function
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Hospital data: yX plot
+ + ~+  First hospital + +
< Second hospital
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1090

Hospital Data: forward plot of MDR with envelopes
The difference in the two groups of observations is highly significant

o Envelope based on 108 obs. .:,: i

,99.999% :

Minimum deletion residual

10/ | | | & | | | |
792 30 40 50 60 70 80 20 100 o |

Subset size m
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Hospital data:
traditional robust analysis

LMS LTS

120

2 °F 1 o 4 1
R 1 £}
b1 T
@ q| 4 @
g e
(2] > - W o 4
= . e : :
=1 ] el o o
B . B 2 ,
B 99%band | 3 ° o
L @ 4 99% band
99.9907% band ] 59.9907% band
AU 20 llﬂ 60 80 ‘\ll)ﬂ 120 -BD 2‘ﬂ ‘IU ﬁ;l B0 100
4 T T
\ i

99% band
99.9907% band

Scaled reweighted LMS residuals

[Scaled reweighted LTS residuals

B0

100

120

Monitoring MDR for the two groups
separately: hospital 1

sl ( T T T T T T
\ gnal is in step i = 35 because

99.999% Foin (35.54) > 00.000%

45

a5

25

N
1 -——--—-—" ‘ I

i

1‘% 15 20 25 30 35 40 45
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Monitoring MDR for the two groups
separately: hospital 2

5F T
99.999% , . . |
ég\ Frnin (. 54). No signal during the search |

I

[

\
\
L AN
42 99.99%
\\ \\ i
\, ~, I
i

50%

Bank Data

AA (much) more complicated exampléhere is no
simple modefor all the data

ATheaberrant observations do not seem to fosimaple
cluster

A1,9490bservations on the amount of money médm
personabankingcustomers

AThe 13 explanatory variables describe the services;use
all are discrete, one binary.

AWhich activities are profitable?
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Bank data: the 13 explanatory
variables

Jank data: the thirteen explanatory wvariables

Variable Number of
number Description Zeroes
1 Personal loans 1666
2 Financing and hire-purchase 1529
3 Mortgages 1734

1 Life insurance 1503
5 Share account 435

6 Bond account 987

7 Current account 27

8 Salary deposits 742

9 Debit cards 1030
10 Credit cards 1003
11 Telephone banking 1459
12 Domestic direct debits 126
13 Money transfers 1596

First 10 lines of the dataset
A All explanatory variables are discrete, taking va
0,1, 2¢

x1 x2 x3 x4 x5 X6 x7 x8 X9 x10 x11 x12 x13 y
0 0 0 0 0 0 3 1 0 0 0 3 0 506.0833
2 0 0 0 1 0 2 1 1 0 0 2 0 165.5833
0 0 1 0 2 4 4 2 1 2 0 10 0 26225
0 0 0 0 1 2 2 2 0 0 0 7 0 9233333
0 0 0 0 0 0 2 0 0 0 0 1 0 613.05
2 0 0 0 1 2 2 1 0 0 0 7 0 339.3333
0 1 0 0 2 3 2 0 1 1 1 7 0 247.5833
2 1 0 0 2 2 2 0 0 0 0 1 0 294.8333
0 1 0 0 0 0 2 0 1 2 1 8 1 315.5

Ax1 = personaloans
Aeé
Ax7 =currentaccount

Ae
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Monitoring robust regression

Spearman
20r 1.02
- -
SISiSisie., 10
-~
s
CIL Ty < 2
- 1
15 + 3
2 0.99
P 0.5 04 03 0.2 0.1
g Kendall
—
iy 1
£ \
B 0.95 \/
= ]
'_I.‘
= 09
= 05 04 03 02 0.1
T
= Pearson
wn 1.02
1.015
1.01
1.005
1 - -
_5 1 1 1 1 y
05 04 03 02 0.1 0.5 04 0.3 0.2 0.1

bdp 7 bdp

Forward plot of minimum deletion
residual

Minimum deletion residual

1. 1 1 1 1 1 1 1
200 600 800 1000 1200 1400 1600 1800
Subsetsizem
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Monitoring t stat as a function of bdp
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Monitoring t stat as a function of subset
size
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Monitoring of t stat as function of bdp (S
estimator) or subset size (FS estimator)
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Monitoring of t stat as function of bdp (S
estimator) or subset size (FS estimator)
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Bank data. Scatterplots of y against individual explanatory variables for
the two parts of the data. Left-hand panel, the main body of the data.
Right-hand panel, the remaining, somewhat different, 255
observations.

1600} +
1400 +
i200f T

1000 +

Computational time of
the forward search?
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Fast efficient updating

ATheorem: Assume that just one unit joins the subset
from step m to step m+1. Then,.$can be found with
2n+1 logical operations and the computation of a sum.

AOn the other hand, if k>1 new units join the subset, it is
necessary to compute k additional minima and k

additional logical operations to firf§,,,

The time is now a roughly linear
function of n.

w
n o

Amount of seconds
P N N
o (8,

o »w o o

0 2 4 6 8 10 0 2000 4000 6000 8000 10000

Sample size x10* Sample size
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In passingrom a subset afizem to
a subset ofizem+1, onaverage
how manynewunitsjoin the subset?

X axis = number of new units which join
subset in passing from m to m+1

n=1000 n=10000

Percentages

Percentages
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New routines for efficient
recursive updating

Comparison of computation time between the currently available version of
the FSDA software (solid line) and the new routines

Seconds

ym -t \
a 0

0 2 4 6 8 10 0 2000 4000 6000 8000 10000

Sample size x10* Sample size

Theoretical properties of the
FS

ACerioli FarcomeniandRiani (2014) show thathe
estimates obtained at step m andsdrengly
consistentunder the null model arftave
breakdownpointl 1T m/ n undethe cd
FSyields consistenhigh-breakdown estimators,
but with adaptive breakdown point
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Nominal versus

1ze of
robust estimators
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Empirical size of simultaneous outlier tests (n=200)
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